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ABSTRACT 
We consider the numbers associated with Ramsey's theorem as it pertains to partitions 
of the pairs of elements of a set into two classes. Our purpose is to give a unified 
development of enumerative t chniques which give sharp upper bounds on these 
numbers and to give constructive methods for partitions to determine lower bounds 
on these numbers. Explicit computations include the values of R(3, 6) and R(3, 7) 
among others. Our computational techniques yield the upper bound 
R(x, y) < cyX-llog log y/log y for x ~> 3. 
INTRODUCTION 
In this paper we consider the numbers associated with Ramsey's 
theorem [5] as it applies to the partitioning of pairs of elements of a set 
into two classes. We view such partitions as graphs with the elements of 
the set as the points of a graph and one class of pairs as the edges. 
Since the notation in the papers related to this problem has not been 
uniform we begin by giving a few basic definitions. 
DEFINITION 1. I(G), the independence number of the graph G, is the 
maximum number of points of G that can be chosen so that no two are 
joined by an edge. 
DEFINITION 2. C(G), the clique number of the graph G, is the maximum 
number of points in any complete subgraph of G. 
* Much of this work was done while the authors were at Dartmouth College and was 
partially supported by a Carnegie Foundation Grant. 
125 
126 GRAVER AND YACKEL 
DEFINITION 3. G is an (x, y)-graph if x > C(G) and y > I(G). 
DEFINITION 4. R(x,y) is the largest integer such that there is an 
(x, y)-graph on R(x, y) points (the existence of R(x, y) is assured by 
Ramsey's theorem). 
The main body of the paper, Section 1, consists of a sequence of 
propositions which are then used to calculate upper bounds for some 
values of R(x, y). In Section 2, we develop techniques for constructing 
(x, y)-graphs and compute some values of R(x, y). Section 3 is devoted to 
further applications of the techniques in Sections 1 and 2. In particular 
we prove that 
R(x, y) <~ Cy x-1 log log y/logy 
for some constant C, and all x ~ 3. 
TABLE OF NUMERICAL RESULTS 
EXACT VALUES OR LOWER-UPPER BOUNDS FOR R(x, y) 
4 5 6 
8 13 17 
17 ?-29 
22 26-29 35-36 
SECTION 1 
LEMMA 1. Let ~ be the complement of G, then I(~)= C(G) and 
C(O) = I(G); hence G is an (x, y)-graph iff ~ is a (y, x)-graph. 
The proof of the lemma is immediate. 
LEMMA 2. I f  G is an (x, y)-graph on n points then R(x -- 1, y) is the 
maximum possible valence for a point of G and (n -- 1) -- R(x, y -- 1) is 
the minimum possible valence for a point of G. 
PROOF: Let v(p) be the valence of the pointp and let H1 be the subgraph 
of G spanned by the points of G which are joined to p by an edge. Clearly 
I(H1) ~ I (G)< y, since any set of points independent in /-/1 is also 
independent in G. Now if K is a complete subgraph of H1 on k points, 
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the graph spanned by K and p in G is a complete subgraph of G on k -k 1 
points. Hence 
C(H1) <~ C(G) --  1 < x --  1. 
We have then that//1 is an (x -- 1, y)-graph. Therefore v(p) <~ R(x  -- 1, y). 
Using the above argument and Lemma 1, we show that ~(p), the valence 
o fp  in t~, is less than or equal to R(x,  y -- 1). But v(p) 6- ~(p) = n -- 1. 
Hence 
v(p)  >~ (n - 1) - R (x ,  y - 1). 
DEFINITION 5. Let G be an (x, y)-graph and let v be the minimum 
valence among all points of G; define a(G) = R(x  --  1, y) -- v. 
PROPOSITION 1. I f  G is an (x, y)-graph with n-points, 
(a) n <~ R(x  --  1, y) 6- R(x ,  y - -  1) 6- 1 - -  (r(a), 
(b) a(G) <~ R(x  -- 1, y) 6- R(x,  y --  I) 6- 1 -- n. 
PROOF: From Lemma 2 we have (n -- 1) -- R(x,  y -- 1) ~ v(p) for all 
points p in G. Now choose p so that v(p) = R(x  -- 1, y) -- a(G). Com- 
bining these two we obtain (a) and (b). 
COROLLARY 1 (special case o3"Ramsey's theorem). 
R(x,  y) <~ R(x,  y -- l) 6- R(x  -- 1, y) 6- 1, 
the strict inequality holding i f  R(x, y -- 1) and R(x  -- 1, y) are both odd. 
PROOF: The inequality follows from Proposition l(a) since a(G) ~> 0. 
Assume equality where R(x,  y --  1) and R(x  -- 1, y) are both odd. In this 
case there must exist a graph G with n ~ R(x,  y -- I) 6- R(x  -- 1, y) + I 
points (an odd number). By Proposition l(b), a(G) ~-- 0, hence each point 
is of maximum valence. The maximum valence is R(x  -- I, y) so that G 
has an odd number of points all of odd valence, which is impossible. 
COMPUTATION A. R(2, y) : y -- 1. 
PROOF: Let G be a (2, y)-graph on n points. C(G) < 2 means G has 
no edges. Hence n ~ I(G) and n ~ y -- 1. 
COMPUTATION B. R(3, 3) = 5. Furthermore there is only one (3, 3)- 
graph on 5 points, the pentagon. 
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PROOF: By the corollary to proposition 1, R(3, 3) ~< 5. If equality 
holds, and there is a (3, 3)-graph G on 5 points, it follows from 
Proposition 1 that a(G) = 0 and each point is of valence 2. The only 
graph (without repeated edges) on 5 points with each point of valence 2 
is the pentagon. Clearly this is a (3, 3)-graph. 
COMPUTATION C. R(3, 4) ~< 8. 
PROOF: By Corollary l, R(3 ,4)< 9 (we observe that R(3, 3) and 
R(2, 4) are both odd). It is easy to construct a (3, 4)-graph G on 8 points 
and hence show equality (see H8, Figure 2, Section 2). However we will 
need to develop a systematic method for construction of (x, y)-graphs, 
and we will defer the construction of G until these methods have been 
developed. 
COMPUTATION D. R(3, 5) ~< 13. 
COMPUTATION E. R(3, 6) ~< 18. 
COMPUTATION F. R(4, 4) ~< 17. 
These follow directly from Corollary 1. We will later prove equality 
in D and F and that R(3, 6) = 17. Beginning with R(3, 6) these simple 
inequalities cease to be of much use in computing R(x, y), hence we now 
develop other techniques. 
Throughout he remainder of this paper we will use the following 
convention. Let G be a graph and p a point of G. By H 1 we will mean 
the graph spanned by all points of G which are joined to p by an edge. 
H 2 will denote the graph spanned by all points different from p which are 
not joined to p by an edge. In the proof to Lemma 2 we proved that if 
G is an (x, y)-graph then HI is an (x -- 1, y)-graph and//2 is an (x, y -- 1)- 
graph. We will indicate this disection of G by stating that p is the preferred 
point. 
PROPOSITION 2. Let G be an (x, y)-graph on n points with e edges. 
Let e~ be the number of edges in Ilk (for k = 1, 2). Finally, let 
t'~ -- R (x - -  1 ,y ) - -  i 
and let si be the number of points in G with valenee vi. Now assume that a 
point p of valence v~ is the preferred point and denote by t~ the number of 
points in 111 which have valence vj in G. Then 
gt 1 ~ l" F S . , \  
e2-  e, ~- R(x  - -1  y ) , -~  - -  R (x  - -  1,y)+ i |  + ~ j {t; - -~-~ ]. 
L*$ J k x: l 
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PROOF: We count the number of edges in G in two different ways: 
(1) The sum of the valences of the points in HI minus the number of 
edges in / /1  (which have been counted twice) plus the number of edges 
in H 2 (which have not been counted at aiD; (2) the sum of the valences 
of all points in G divided by 2. 
o(G) 
e = ~ t:v~ -- el -k e2. (1) 
5=0 
1 ~(G) 
e = ~ ~ s:5.  (21 
5=0 
Eliminating e we obtain: 
o(a) 
e2 -  el = E (~-  t 0 vs" 
5=0 
Hence 
a(G) 
e2- -e l  = E ( -~- - t j ' ) (R (x -  ] ,y ) - - j ) .  
5=0 
~"a{ G) Since y~.(G~ St = n and z-j=o tj = v~ we have 
e2 -- el = (2 -- vl) R(x -- 1, y) q- 
o(G) 
~ j ( t , - - -~- ) .  
j=l 
The proposition follows. 
COROLLARY 2. I f  G is a (3, y)-graph on n points, p a preferred point 
of valence v~, then 
t l  
e2=(y- -1 ) [~- -y+l§  ~ j ( t , - -~) .  
j=l 
PROOF: Here el ----- 0 and R(2, y) ----- y -- I. 
PROPOSITION 3. Let G be a (3, y)-graph with two points of valence vi 
joined by an edge. Then by preferring one of these points we can obtain 
e2 <y y+l+i) 
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PROOF: We use the notation of Proposition 1 where p is one of the 
two given points. Let p'  be the other point and t~' be the number of points 
of valence vj in/ /1 when p'  is preferred. 
Since p and p'  are joined by an edge, they cannot have edges to a 
common point. Hence tj § t~ ~< sj for all j. Therefore 
~,(~) o(c) o(c) 
+ J(,;- ,).<0 
j= l  j~ l  J=i 
The proposition follows. 
COROLLARY 3. I f  or(G) = 1 for a (3, y)-graph G, there is some point of 
valence va for which 
Furthermore the inequality will hold for some point unless the point of 
valence v~ are split into two classes each with Sl/2 points so that each point 
in one class has an edge to each point in the other class. 
PROOF: If  there are two points of valence v 1 joined by an edge the 
proposition will give us the inequality. I f  all of the points of valence v~ 
are isolated from each other then we have 
e2 = (y - -  1)[n/2--y +21 --s~/2. 
Now assume that e2 = (y -- 1)[n/2 -- y + 2] for all points of valence 
v 1 . In this case tl = sl/2 for all points of valence vl. Since there are no 
triangles, the bipartite graph described above results. 
In view of the preceding propositions it is clear that the number of 
edges in an (x, y)-graph is useful information. We now derive formulae 
which give lower bounds on the number of edges in an (x, y)-graph on 
n points. 
DEFINITION 6. e(x, y, n) is the minimum number of edges possible in 
an (x, y)-graph on n points. 
PROPOSITIOY 4. I f  G is a (3, y)-graph on n points with e edges, then 
o(C) 
ne >~ ~ {e(3, y - -  1, n - -v i - -  1 )+v i  2}si 
i=0 
where vi and st are as defined in Proposition 2. 
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PROOF: Let G be a (3, y)-graph on n points. For any point p, p of 
valence v~, let p be preferred with//1 and//2 as before. Then e, the number 
of edges of G, is given by 
o(C) 
e2 -k v, ~ + ~ (i --j)fliJ(P), 
j=0 
where fl~-(p) is the number of points o f / /1  which are of valence v~. in G. 
Since ez >/e(3, y -- 1, n -- vi -- 1) we have 
e ~e(3 ,  y - -  1, n - -v i - -  1) q-vl aq- ~ ( i - - j )  flij(p). 
j=0 
If we now sum this over all points of G we note that the term 
a(G) 
Z ~ ( i - - j )  fl~j(p) = 0 
p ]=o 
since 
Z/3. (p)  = y/3,,(p), 
p p 
but will have coefficients (i - - j )  and (j -- i), respectively. Finally the term 
e(3, y - -1 ,  n - -v i - -1 )+v l  ~ will occur with multiplicity si. This 
establishes the proposition. 
We will now go back and calculate lower bounds on the number of 
edges in the (x, y)-graphs already considered. The question of the existence 
of such graphs will be avoided for the present ime. 
COMPUTATION G. 
e(3, 3, 4) = 2, (1) 
e(3, 3, 5) -- 5, (2) 
e(3, 4, 7) -: 6, (3) 
e(3, 4, 8) ) 10, (4) 
e(3, 5, 9) = 7, (5) 
e(3, 5, 10) = 10, (6) 
e(3, 5, 11) ) 15, (7) 
e(3, 5, 12) ~> 20. (8) 
PROOF: (1), (2), (3), (5), and (6) can be shown by simple construction. 
For example, (3) is shown by the following construction: A (3, 4)-graph 
on 7 points can have no points of valence zero. If there is a point of 
valence one then the H 2 with respect to this point is the (3,3)-graph 
on 5 points hence is a pentagon and this graph then has at least 
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6 edges. Clearly a pentagon and a disjoint edge is a (3, 4)-graph on 7 points 
and has 6 edges. Finally we observe that a (3, 4)-graph on 7 points which 
has no point of valence one will have at least 7 edges. 
The inequalities (4), (7), and (8) follow from Proposition 4. For 
example, if G is a (3, 4)-graph on 8 points with e = e(3, 4, 8) edges then 
we have the following system: 
8e~ [2+9]s0+[5+4]s l ,  
2e =3s0§  
8 = So + sx 9 
The solution to this system which minimizes e is s o = Sl = 4 and e = 10. 
REMARK. One can show by direct construction that all of the 
inequalities stated in computation G are are actually equalities. 
COMPUTATION H. 
e(3, 5, 13) = 26 (all points have valence 4), (1) 
e(4, 4, 17) = 68 (all points have valence 8), (2) 
e(4, 4, 16) ) 56 (all points have valence 7 or 8). (3) 
PROOF: Both (1) and (2) follow from the fact that or(G) = 0 for each 
graph. In (3), e(G) ~ 1 and, if all points are of valence 7, the minimum 
valence, we have 56 edges. 
REMARK. We again point out that the existence of such graphs has 
yet to be established. 
COMPUTATION I. I f  a (3, 6)-graph on 18 points exists then all points 
are of valence 5. 
PROOF: Assume that G is a (3, 6)-graph on 18 points and p is a point 
of G of valence 4. I fp is preferred, H2 will be a (3, 5)-graph on 13 points; 
hence Corollary 3 gives 
26 ~< 5118/2 -- 6 + 21 = 25, 
contradicting the existence of a point of valence 4. 
COMPUTATION J. R(4, 5) ~ 29. 
PROOF: We have R(4, 4) ~ 17 and R(3, 5) ~ 13. By the corollary to 
Proposition 1, we obtain R(4, 5 )~ 30. Assume that a (4, 5)-graph G 
exists on 30 points; a(G) ~ 1, hence the points will be of valence 12 or 13. 
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CASE 1. There is a point p of valence 12. Let p be any preferred point 
of valence 12,//2 is a (4, 4)-graph on 17 points and/ /1 is a (3, 5)-graph 
on 12 points. Then e2 ----- 68 (see Computation H(2)) and e 1 ~< 24 so 
that, by Proposition 2, 
44 ~< e~ -- ex = 13130/2 -- 13 § 1] + (q - -  s~/2) 
or 5 <~ t~ --  s~/2. We note that si ~> tt § 1; hence 
5 ~< fi -- (tl + 1)/2, 
which gives t t >/ II, i.e., t t = 11 or tt = 12. 
Now tt + 1 ~< sx ~< 2(tt -- 5) and s~ must be even, hence tt -- 11, 
st = 12 or t t = 12, st = 14. In the first alternative the 12 points of 
valence 12 form a complete subgraph of G; in the second they form a 
complete subgraph with 7 edges removed, but in either case it is clear that 
C(G) > 4. 
CASE 2. All points have valence 13. If we prefer a point of valence 13 
we have that H 2 is a (4, 4)-graph on 16 points, H t a (3, 5)-graph on 
13 points. Hence e2 >~ 56, et = 26 (see Computation H). We then have 
30 ~< e2 -- el = 13130/2 -- 13] = 26; 
this precludes the existence of a (4, 5)-graph on 30 points. 
COMPVTATION K. R(3, 6) ~ 17. 
PROOF: Assume there is a (3, 6)-graph on 18 points, then by 
Computation I each point is of valence 5, and, if any point is preferred, 
H 2 is a (3, 5)-graph on 12 points having 20 edges (by Proposition 2, 
e 2 = 5118/2 -- 5] = 20). 
We first show that, if a (3, 5)-graph on 12 points with 20 edges exists, 
exactly 4 of these edges must be between points of valence 4, exactly 8 
between points of valence 3, and the remaining 8 edges join points of 
valence 3 to points of valence 4. 
For a (3, 5)-graph on 12 points to have 20 edges it must have 8 points 
of valence 3 and 4 points of valence 4. If a point of valence 3 is preferred, 
we have (by Corollary 2) 
10 ~< 4112/2 -- 5 +1 + 1] +( t l - -8 /2 )  or 2~<q.  
Hence the number of edges between points of valence 3 and points of 
valence 4 is 8 or less. On the other hand, the 4 points of valence 4 can 
have at most 4 edges among themselves, forcing at least 8 edges between 
points of valence 4 and points of valence 3. We conclude that there are 
582/4/2-3 
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exactly 8 edges between points of valence 3 and points of valence 4, and 
the rest of the statement follows. 
At this point we could first (successfully) attempt to construct Hz 
(H~2, Figure 2, Section 2) and then (unsuccessfully) attempt to construct G. 
However we do not need to exhaust all possible constructions for G to 
show the impossibility of the (3, 6)-graph on 18 points since we have 
enough information about H 2 and G to arrive at a contradiction by 
counting the pentagons in G. 
Let p be a preferred point. Since H1 is a (2, 5)-graph it contains no 
edges, and therefore ach pentagon through p must have an edge in H 2 . 
Furthermore if q~ and q2 are end-points of an edge in / /2 ,  each choice of 
an edge from ql to H1 and an edge from q2 to HI gives rise to a unique 
pentagon which contains the point p and the edge joining ql and q2. 
Hence the edges of/ /2 between points with valence 3 in//2 (such a point 
has 2 edges to HI) will give rise to 2 • 2 = 4 pentagons through p eaeh 
or 32 pentagons through p altogether. Likewise the 8 edges between points 
of valence 3in//2 and points of valence 4 in H~ will contribute 16 pentagons 
through p. And finally the 4 edges between points of valence 4 in H~ 
will give rise to just 4 pentagons through p. Hence there are 52 pentagons 
through each point of G and G then has (52 x 18)/5 pentagons. This, 
of course, is impossible! 
COMPUTATION L. e(3, 6, 17) ) 38. 
PROOF: Proposition 4 and the results of Computation H give the system 
17e ) (15 + 25)s o + (20 § 16) sl + (26 + 9) s2, 
2e = 5s 0 + 4sl -+ 3s2, 
17 =s  o+s l+s2 .  
The solution which minimizes e is so = 8, s~ = 9, s2 = 0, and e = 38. 
REMARK. Actually all (3, 6)-graphs on 17 points have been constructed 
and none has fewer than 40 edges; see [4]. 
We will sketch a proof that e(3, 6, 17)/> 40 after we have developed 
additional techniques. 
COMPUTATION M. e(3, 6, 16) ) 32. 
PROOF: If G is a (3, 6)-graph on 16 points, or(G) ~ 3; thus a point 
may have valence 2, 3, 4, or 5. I fp  is a preferred point of valence 2, H2 is 
a (3, 5)-graph on 13 points and hence has 26 edges. Now if the sum of 
the valences of the points in//1 were to be less than 7, there would be 9 or 
more points in//2 which have no edges to points in H 1 . Since R(3, 4) ~< 8, 4 
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of these points would be independent, forming an independent six set 
with the points of/ /1 9 We conclude that if G contains a point of valence 2
it has at least 26 4- 7 = 33 edges. 
Under the assumption that s3 -- 0, apply Proposition 4. The following 
system must be satisfied: 
16e/> [(10 4- 25) s o 4- (15 4- 16) sl + (20 + 9) s2], 
2e ~< 5so + 4sx + 3s2, 
S O "q-S 1 J f -S  2 = 16. 
There are three possible solutions to this system which give the minimum 
value of 31 for e. These solutions are so = i, s l  ~- (14 -- 2i), s2 = (2 + i), 
for i = 0, 1,2. 
Let p be a preferred point of valence 3; H 2 is then a (3, 5)-graph on 
12 points and thus has 20 or more edges. In order to have 31 edges in G, 
the sum of the valences of the points in H1 must be I 1 or less. Each point 
of valence 3 must then be adjacent to at least one other point of valence 3. 
Let p' be a point of valence 3 in / /1 ,  the points adjacent to p' in H~ must 
have valence 3 or more in//2 and hence valence at least 4 in G. Since we 
can reverse the roles of p and p', we have proved that each point of 
valence 3 is adjacent to exactly one other point of valence 3. We conclude 
that each point of valence 3 is adjacent o one point of valence 3 and 
two points of valence 4, that for each point of valence 3//2 has 20 edges, 
and that s2 (and hence i) is even. Using the properties that a (3, 5)-graph 
on 12 points with 20 edges must have (see K), we can exclude the remaining 
two possibilities (i = 0, i = 2). 
Let p be a preferred point of valence 3, let p '  be the point of valence 3 
in //1, and let q~ and q2 be the points of valence 4 in //1. Consider 
qj (j = 1 or 2); it is adjacent o one point of valence 3, hence it can be 
adjacent o at most one point of valence 5 (if a point of valence 4 is 
preferred the Hz for that point has 15 or more edges, hence the sum of 
the valences of the points in the/ /1 for that point must be 16 or less). 
Now if there is a point in H2 with two edges to points in / /1 ,  that point 
must have valence 5 in G and be adjacent o q~ and q2 9 Since i is even, 
there must be another point in//2 having a valence of 5 in G, and it must 
have at least one edge to some point in H1 (ql or q2), thus forcing q~ or q2 
to be adjacent o two points of valence 5. As we have pointed out, this 
is impossible. We conclude that no point of H2 is adjacent o more than 
one point in//1 
We recall (see Computation K) that H~ has 8 points of valence 3 and 4 
of valence 4, that each point of valence 3 is adjacent o exactly one point 
of valence 4, and that the points of valence 4 form a quadrilateral. Let 
K be the subgraph spanned by the 4 points in Hz which are not adjacent 
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to any points in H 1 . If i = 0, K must be the quadrilateral of points of 
valence 4 in //2. In this case, the three points in H~ which are adjacent 
to q, have valence 3 in H~. Hence one of the points of K is independent 
of these three points, and this point of K. the three points of / /2 adjacent 
to q~, p', and q2 form an independent six set in G. In the case i = 2, K 
consists of two adjacent points of valence 3 in/ /2 and the two points of 
valence 4 in H~ adjacent o them (an edge from//1 to a point which has 
valence 4 in H2 and which is adjacent o a point in K of valence 3 would 
produce a point of valence 5 in G adjacent o a point of valence 3 in G). 
Let x be a point of valence 3 in K; it can be adjacent o only one point 
which is adjacent o a point in H 1 . Hence for either q, or q2, say q~, 
the three points in H 2 adjacent o q~, x, p', and q2 form an independent 
six set in G. Thus there can be no (3, 6)-graph on 16 points with less 
than 32 edges. 
If  we were to attempt o prove R(3, 7) ~< 22 in the same way that we 
proved R(3, 6) ~< 17, we could succeed in showing that every point of a 
(3, 7)-graph on 23 points must have full valence (six); but we would 
discover that/ /2 for a point in such a graph would be a (3, 6)-graph on 
16 points with 33 edges. As we will see, such graphs exist in profusion; 
hence any simple counting process will not work. We must then develop 
some new techniques. To this end we introduce another sequence of 
theorems. 
DEFINITION 7. By a maximum independent set in G, we shall mean 
an independent set in G containing I(G) points. A point p of a graph G 
will be called essential if it belongs to every maximum independent set of G. 
LEMMA 3. Let G be a graph and G' a graph obtained from G by the 
removal of an edge (say the edge between points p and q). Then: 
(1) any independent set in G is independent in G' ; 
(2) if p and q are essential in G', I(G') ~ I(G) + 1; 
(3) /f either p or q are not essential in G', I(G') ~- I(G); 
(4) if p is essential in G, p is essential in G' and q is not essential in G'. 
PROOF: (1) is obvious since G' was obtained by removing an edge 
from G. From this statement i  follows at once that I(G) <~ I(G'). Now if 
p is not essential in G' there exists a maximum independent set in G' 
which avoids p; clearly this set is also independent in G; (3) follows. 
It also follows that p is not essential in G, thus proving part of (4). I f  
I(G) ---- I(G') then any maximum independent set in G is also a maximum 
independent set in G' and this set must avoid either p or q. Hence ifp and q 
are both essential in G', I(G) ~ I(G'); however the removal ofp or q from 
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an independent set in G' produces a set independent in G; and (2) follows. 
It also follows from this that if p and q are essential in G' neither is 
essential in G, completing the proof of (4). 
PROPOSITION 5. Let G be a graph with girth z and let gi be the number 
of connected subgraphs of G with i edges. Then for all integers w < z, 
(--1)w I(G) ~< (--1) w ~ (--1)*g,. 
i=o 
Equality will hoM ~ G & circuit free and the summation isover all connected 
subgraphs. 
PROOF: We proceed by induction on the number of edges in the graph: 
Induction Hypothesis. Let G be a graph with girth greater than w, 
and p be a point of G. There exists a partition of the connected subgraphs 
of G with w or fewer edges into two classes, the subgraphs of one class 
will be said to be positive and those of the second class negative. For 
i ---- 0, 1 .... , w -- 1 there exist functions fi  : Si + --~ Si+l (where Sj + is the 
set of positive subgraphs with j edges and Sj- is the set of negative sub- 
graphs with j edges). Also the following conditions are satisfied 
(1) So- is a maximum independent set; 
(2) if the point p ~ So- then p is essential in G; 
(3) f i  is one to one and onto for i ---- 1, 2,.., w -- 1 ; 
(4) for all positive subgraphs H with fewer than w edges, p is a point 
of H iffp is a point off , (H);  
(5) if G has w or fewer edges then Sw + = 0. 
Observe first that, if the induction hypothesis satisfied for the graph G, 
then 
~ (--1) i gi = I(G) + (--l) w (the number of subgraphs in Sw+), 
i=0 
(S~ + cancels S~+x for i = 0, 1 .... , w -- 1) and thus the proposition holds 
for G. Second, we note that the induction hypothesis i  satisfied for all 
graphs having no edges. Finally, if G is a graph which satisfies the induction 
hypothesis for some point p, then G with any isolated point added will 
also satisfy the hypothesis (conditions (2) and (4) being trivially satisfied 
for any isolated point). 
We now assume that the induction hypothesis i satisfied for all graphs 
with fewer than n edges. Let G be a graph with n edges and p be a point 
of G which is not an isolated point. 
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CASE 1. p is essential in G. 
Choose any edge of G which has p as one end-point; call the other 
end-point q. Let G' be the graph obtained by removing the edge joining p 
to q from the graph G. We apply the induction hypothesis to G' using 
the point p. Let the partition of the connected subgraphs be denoted by 
rr' and the functions by f'~. Use the induction hypothesis again for the 
graph G' and the point q. Let the partition be called ~" and the functions 
tt f~ in this case. 
Given a connected subgraph H of G having w or fewer edges observe 
that it is circuit free (since by assumption the girth of G is greater than w), 
hence we can have no circuits. Thus ifHcontains the edge betweenp and q, 
the removal of that edge disconnects H. We will call the component 
containing p the p component of H and the other component he q 
component of H. 
The connected subgraphs of G having w or fewer edges are now 
partitioned into the positive and negative classes as follows: if H C G', 
then H retains the sign of its class given by the partitioning ~'; if H r G', 
H is to be given the sign of its q component under the partitioning 7r". 
The mappings of the positive subgraphs are then specified in the following 
manner: if H is positive and has i < w edges and HC G', we define 
f~(H) = f'~(H); but if H is positive and has i < w edges and H r G', 
then f~(H) will equal the connected graph with p component the same as 
H and q component equal to f~ applied to the q component of H. Note 
that this will be a connected subgraph of G since (4) of the induction 
hypothesis asserts that q is a point o f f "  applied to the q component of H. 
By Lemma 3, I(G) = I(G') and p is essential in G', it follows that 
(1) and (2) of the induction hypothesis are satisfied (note all points are 
partitioned by ~r'). To prove (3), we choose a subgraph H from the neagtive 
class having i § 1 edges where i >~ 0. First suppose that H C G'; since f~ 
satisfies (3) there is one and only one graph H'  with i edges for which 
f~(H') = H. Now assume that H r G'; then we see that the q component 
of H contains at least one edge (since q ~ So +, any H r G' whose q 
component is the isolated point q must be in the positive class). As f~ 
satisfies the conditions (3) and (4) there exists a subgraph K C G' so that 
q is a point of K and f~(K) equals the q component of H. Thus the unique 
connected subgraph H'  with q component K and p component the same 
as H is mapped onto H byf~ and it is the only one. Condition (4) follows 
directly from the fact that f'r satisfies (4), and all subgraphs not mapped 
by the f'~ contain the edge between p and q, hence contain p anyway. 
Finally, we consider the case in which G has w or fewer edges. Clearly 
S~ + --- ~ if there are less then w edges or if G is not connected. Now if G 
is connected and has w edges there is only one connected subgraph with 
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w edges, namely G. The q component of G is the maximum connected 
subgraph of G' containing q; also we observe that it has fewer than 
w edges. The fact that f~" must satisfy (4) requires the q component of G 
and consequently G to be in the negative class; thus Sw + is empty. 
CASE 2. p is not essential in G. 
Choose any edge with p as one end-point and let q and G' be as above. 
CASE 2a: I (a)  = I(G'). 
By Lemma 3 we assert hat p is not essential in G'. In this case we 
simply apply the induction hypothesis to the graph G' with p as the 
point and use only the functions f ; to definef~ (the subgraphs not contained 
in G' are partitioned and mapped by their p components). The verification 
of conditions (1), (2), (3), (4), and (5) is the same as in Case. 1. 
CASE 2b. I(G) = I (G ' ) -  1. 
Again by Lemma 3, p and q are both essential in G'. As in Case 1, 
we apply the induction hypothesis to G' with p as the point and to G' 
with q as the point, carrying out the procedures of Case 1 with one 
exception. Since q is essential, q ~ So-, but every connected subgraph 
H r G' whose q component consisted of the isolated point q would be 
given a negative sign even though it is not the image of any subgraph 
under the functionf~, hence subgraphs containing the edge betweenp and q 
will be classified and mapped according to their q components unless 
their q components consist of only one point. In this latter case we will 
partition and map them according to their p components. 
There remain two minor details: first the edge between p and q has a 
negative sign but is not in the image of anyf~; second, So- is independent 
in G' but not in G. Both details are corrected by removing p from S 0- 
(see Lemma 3), that is, by putting in So + and mapping p onto the edge 
between p and q. The verification of the conditions (I), (2), (3), (4), and (5) 
will now be routine. Thus the proposition is proved. 
REMARK. This theorem clearly has a dual which gives estimates and 
in some cases the exact value of the clique number of the graph. 
We use this proposition to study certain subgraphs of (x, y)-graphs. 
These subgraphs are now described. 
Consider an independent set H 1 in a (3, y)-graph G and let//2 be the 
subgraph spanned by the remaining points or if Ha is the set of points 
joined to a point p we let//1 and//2 be as usual when p is preferred. To 
indicate the former situation we will say//1 is preferred, to indicate the 
latter we say p is preferred. A point p of/ /2 is said to be above a set of 
points S from//1 if all edges from p to//1 have their other end-point in S. 
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Any subgraph of / /2 will be said to be above S if all of its points are 
above S. Finally we define the graph with support S as the subgraph in 
/-/2 spanned by the points of H2 which are above S. 
REMARK. Assume H 1 contains z points and S contains w points. Let K 
be the subgraph supported by S. Clearly an independent set of K along 
with the points in //1 but not in S will form an independent set of G. 
Hence K must be a (3, y -- (z -- w))-graph. In general K will have few 
edges, hence few circuits and Proposition 5 will give a good approxi- 
mation to the independence number of K. 
PROPOSITION 6. Let G be a (3, y)-graph with a preferredpoint p or a 
preferred independent set Hi 9 In either case let Hi contain v points and let 
ri(j) be the number of connected subgraphs of 1t2 with j edges and having 
a total of i edges from these points of H2 to points of 111. Also let c~ be 
the set of connected subgraphs of 1t2 with j edges. For K a subgraph of 
1-12, let oo(K) be the number of points of 111 which are joined to K by an 
edge and l~(K) equal the number of edges from K to Hi.  Then 
[k + 3' 1 v] (;) :~. ~ (--l)~ (k  i)r i( J  + e(a, k, p), 
j=o i=0 
where a is odd and all subgraphs of G with a k-set as support have girth 
greater than a, and where 
E(a, k, p) 
j=o co(G)/ 
PROOF: Let S be a set of k points in //1, then there can be at most 
[(y -- 1) -- (v -- k)] independent points in K (the subgraph of Hz sup- 
ported by S). We have then [k + y -- 1 -- v] ~ I(K); and by Proposition 5
I(K) • ~ (--1) igi ,  
i=o 
where gi is the number of connected subgraphs of Kwhich have j edges. 
Hence 
[k+y- -  l - -v ]  > ~( - -1 )  4g,. 
i=o 
Now summing this inequality over all subsets of//1 containing k points, 
the left side is 
+,- , - , ,1  t:t. 
\K I  
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To compute the right side consider a connected subgraph K with j edges 
(K e fqj). K will be above exactly 
(k  v - -- co(K)] 
k-sets o f / /1  and hence will appear in the summation that many times 
with (--1) ~ as a coefficient each time. Thus 
j=o , w(K)] t 
and the right side can also be written 
E (-l)J Z + 
j=0 w(K)] 
or simply 
j~=o(--1)J(i=~o(k~ii)r,(j)) ~-,(a,k,p). 
This establishes the proposition. 
In order to discuss the consequences of Proposition 6 we introduce the 
following terminology; a point p of/-/2 which has exactly j edges to H1 
will be called a j-point and an edge between an/-point and a j-point will 
be called an i,j-edge (of course this terminology is symmetric in i andD. 
REMARK 1. The number a of Proposition 6 may be chosen to equal 
either 1 or 3 in all cases when G is a (3, y)-graph since a (3, y)-graph and 
hence its subgraphs all have girth at least 4. 
REMARK 2. If G is a (3, y)-graph and/ /1 has y -- 1 points, then 
(1) r0(0 ) ----- 0; 
(2) there is at most one 1-point above any 1-set of/-/1; 
(3) there can be at most three points above a 2-set of / /1;  
(4) if there are three points above a 2-set of/-/1, two of them must be 
1-points joined by an edge and the third a 2-point; 
(5) there can be at most (R(3, k + 1) -- k) points above a k-set of/-/1. 
PROOF: (1) Any 0-point together with /-/1 gives an independent 
y-set in G. 
(2) Two 1-points above a 1-set together with the other y-2 points of 
H1 form an independent y-set of G. 
(3) This is a special case of (5). 
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(4) Given three points above a 2-set, we note by the preceding discussion 
that these three points plus the point in the 2-set must form a (3, 3)-graph 
on five points and by Computation B this is a pentagon. This requires 
the description given. 
(5) Consider the graph K spanned by a k-set of //1 and the points 
above this set. The points in K have no edges to the other y -- 1 -- k points 
of HI hence if K contained k -- 1 independent points we could again 
produce an independent y-set. Thus K can contain at most R(3, k § 1) 
points and of those at most R(3, k § 1) -- k would be above the k-set 
o fH  1 . 
PROPOSITION 7. I f  G is a (3, y)-graph, v = y -- 1, k = 3 then we may 
choose a = oe and 
4 
e(oo, 3, p) = ~ ci 
i~1 
where ci is the number of  configurations of  type Ci (see Figure 1) which 
are contained in G (by contained in G we mean that there is a 3-set of  Hi 
so that the graph spanned by that 3-set and the points above it is of  type Ci). 
PROOF: Note first that the end-points of an edge in H 2 have distinct 
support to avoid forming a triangle hence co(K) ----/z(K) if K consists of 
just one edge and two points (or if K is a single point). 
Consider a connected graph K, with at least two edges, which is above 
a 3-set. Let p be a point which has two adjacent edges in K and denote 
by ql,  q2 the other end-points of those edges. Then none of the points 
P, ql,  qz, can be ./-points for j > 2 and if p were a 2-point we would 
necessarily have ql and q~ both 1-points above the same point in H , ,  
and that is not possible. We conclude, then, that p is a 1-point. This 
clearly precludes the possibility of a circuit above a 3-set, since a circuit 
must contain more than three points all of which would have to be 1-points 
and we know that h 1-points must have an h-set for support. 
Consider now all possible connected subgraphs of H 2 which have two 
edges above a 3-set. Keeping the notation we used above, q~ and q2 are 
both 1-points, or ql is a 1-point and q2 a 2-point, or both are 2-points. 
I f  both are 1-points, co(K)=/z(K) and there is no contribution to 
E(oe, 3, p), the error term. In the second case either of the configurations 
Ca is possible and there would be a contribution of 1 to e(oo, 3, p) in that 
event. Finally, if both ql and q2 are 2-points we must have CI and again 
there is a contribution of 1 to E(oe, 3, p). 
Next we consider possible connected subgraphs having three edges and 
support a 3-set of Ha 9 First we consider three edges adjacent to a point p. 
r 
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FIGURE 1 
If this were possible then p would be a 1-point and the other three end- 
points of these edges would be above a 2-set of Hx, but these three points 
are independent so that we could produce an independent y-set with 
those three points and the other points of H 1 . Thus the only connected 
subgraph with three edges above a 3-set is a simple path of length three. 
Let ql be a point adjoined by an edge to/91 which is adjoined to pz which 
is adjoined to q2. We have shown that p~ and P2 must both be 1-points, 
q~ and q2 cannot both be 1-points since four 1-points must be above a 4-set. 
If ql is a 1-point and q2 is a 2-point we have configuration C5 9 The graph 
spanned by q~, P l ,  P2 contributes nothing to E(~, 3, p). The graph 
spanned by p~, P2, q2 contributes 1 and the whole graph in Cn contributes 
--1 so that the net contribution is 0. If ql and q2 are both 2-points we have 
configuration C3 and it is easy to see that this contributes 1 to ~(~, 3, p). 
Finally, we consider subgraphs above a 3-set having more than three 
edges. As before no point can be adjoined to three edges, all 2-points in 
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the subgraph must have valence 1 in the subgraph, and there can be more 
than three l-points. The only possible configuration is a path of four 
edges with the two points of valence, one in the subgraph being 2-points. 
This can only give configuration C4 9 Denoting the points by ql, P, ,  P2 9 
P3, q2 in order along the path we see that the paths q~ ,Pl  ,P2; Pz ,Pa,  q2; 
and qt, Pl, P2, P3, q2 each contributes 1 to E(oo, 3, p) while ql, Pl, P2, Pa 
and Pl ,  P2, Pa, q2 each give --1, and pa, P2, Pa contributes nothing, so 
the net contribution of configuration C~ is a +1. 
COMPUTATION R. R(3, 6) ~< 17. 
PROOF: We have already shown this result but will give an independent 
proof here. Recall in Computation I we showed that, if there was a 
(3, 6)-graph G on 18 points, then each point is of valence 5 and that H2 
for any point is a (3, 5)-graph on 12 points and has 20 edges. We also 
showed that there are then 4 points in//2 of valence four in//2 so that 
rl(0) -- 4, likewise the 8 points of valence three in Hz give us r2(0) = 8. 
Let S be the support of the four 1-points, by our remark, S contains 
four points. Thus there are four 2-points with support in S since the 
remaining point of H 1 is in the support of exactly four 2-points. Now 
each 2-point will require an edge between the two 1-points with the same 
support, hence r2(1 ) ~> 4. If we have no triangle these four 1-points must 
then fall on a quadrilateral, so that r2(1 ) = 4 and r3(2 ) = 4. Finally, 
r3(1) - -8  since the number of edges between 1-points and 2-points is 
equal to the sum of the valences of the l-points in H2(4rl(0)) minus twice 
the number of edges between 1-points (2r2(1)). 
Now choose a ---- k = 3 in Proposition 6. We will then have 
3 (53) ~ (42)rl(0 ) + (~)r2(0 ) - (~)r2(1)--(2)ra(1 ) + (~)rz(2 ) + ,(3, 3,p) 
and this is 
30 ~ 6(4) + 3(8) -- 3(4)-- 8 + 4 4 ~(3, 3,p) = 32 + E(3, 3,p), 
but by Proposition 7, c(3, 3,p) ~ 0. Thus the proof is concluded. 
COMPUTATION L (continued). e(3, 6, 17) ~ 40. 
PROOF: Let p be a preferred point of valence 3 in a (3, 6)-graph 
G on 17 points. Since there was only one solution to the system in 
Computation i L having the minimum value of 38 for e(3, 6, 17) and since 
s2 = 0 in this solution, we may conclude that G has 39 or more edges. 
We observe that //2 is a (3, 5)-graph on 13 points, hence has 26 edges. 
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This implies that H a contains at least one point q of valence 5 (the sum 
of the valences of the points in Ha is 13 or more). However, the points of 
/-/2 are all of valence 4 in/ /2 and hence can be only 0-points or 1-points. 
The four 1-points above q, and the two points of/-/1 different from q, 
form an independent six set in G. Hence a (3, 6)-graph on 17 points can 
never have a point of valence 3. 
Now let G be a (3, 6)-graph on 17 points with 38 edges. It is easy to 
show that if p is a preferred point of valence 4 then He must contain 
a 0-point, call it q. We may then adjoin p to q by an edge, thus extending 
G to a (3, 6)-graph on 17 points with 39 edges. Therefore if we prove the 
non-existence of a (3, 6)-graph on 17 points with 39 edges, the non- 
existence of a (3, 6)-graph on 17 points with 38 edges will be simultaneously 
established. 
Let G be a (3, 6)-graph on I7 points with 39 edges; G must then have 
7 points of valence 4 and 10 points of valence 5. If there is a point p of 
valence 4 adjacent o 3 points of valence 5,//2 (when p is preferred) is a 
(3, 5)-graph on 12 points with 20 edges. In Section 2 we will construct 
such a graph (see HI~ of Figure 2) and in Appendix B we will indicate 
the proof that//12 is unique (the only graph with these clique, independ- 
ence, point, and edge numbers). Using Proposition 6 and the high degree 
of symmetry in H~2, one can without too much difficulty show that it is 
impossible to put in the edges between//1 and H 2 ---- H12 in such a way 
as to produce a (3, 6)-graph. We then conclude that every point of valence 
4 in G is adjacent to two or more points of valence 4. From this it follows 
that some point of valence 5must be adjacent to 4 other points of valence 5. 
Preferring this point we find that H 2 is a (3, 5)-graph on 11 points with 
15 edges. Such a graph exists (see //11 in Figure 2) and is unique (see 
Appendix B); and as before it is not too difficult to show that it is 
impossible to put in the edges between//1 and/ /2 = Hal in such a way 
as to produce a (3, 6)-graph. It will follow then that any (3, 6)-graph on 
17 points has 40 or more edges. 
COMPUTATION O. R(3, 7) ~ 22. 
Let G be a (3, 7)-graph on 23 points and let p be a point of valence 5, 
//2 is a (3, 6)-graph on 17 points and hence has 40 or more edges. 
Applying Corollary 3 we obtain 
40 ~< 6[23/2 -- 7 + 2] = 39. 
Therefore G contains only points of valence 6. 
Because of its length the rest of the proof is broken up into lemmas, 
and the proofs of Lemmas 7 and 8 (which involve long uninteresting case 
by case investigation) have been relegated to an appendix. 
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LEMMA 4. For any preferred point p, ri(O) = 0 whenever i >~ 4. 
PROOF: Let p' be an/-point. Let/(1 be the subgraph of G spanned by 
the points which are adjacent o p or p' or both; let K 2 the subgraph of 
G spanned by the points of G other than p, p', and the points in K1. 
Since any independent set in/(2 can be extended (by including p and p') 
to an independent set in G, we see that K2 must be a (3, 5)-graph. Since 
Ki has (12 -- i) points, K~ has (9 § i) points. In view of the fact that 
R(3, 5) ~< 13, we conclude that i ~ 4. 
Assume i = 4. All of the 13 points in K2 have valence 4 in K2, hence 
there are exactly 26 edges between/(1 and/(2 9 The sum of the valences 
of the points in/(1 is 48. Twelve of this total is accounted for by the edges 
to p and p', 26 are accounted for by the edges to K2, and the remaining 10 
must be accounted for by 5 edges in K 1 . However/s can have at most 
4 edges (the only edges possible in /(1 are between the two points 
adjacent o p but not p' and the two points adjacent to p' but not p). 
This concludes the proof of Lemma 4. 
LEMMA 5. For any point p, 
rl(0) = 2 + ra(0) and r2(0) = 14 -- 2r3(0). (1) 
Furthermore if z is the number of edges between 1-points and 3-points and 
E = E(oo, 3, p), then 
2r2(1) >~ [6 -- 2ra(O)] + ra(2 ) + (z + ~). (2) 
PROOF: Recall that r0(0 ) ~0 and r i (O)=0 for i~>4 so that 
ra(0) + r2(0) + r3(0) = 16 (the number of points in /-/2). Each point in 
//1 has 5 edges to//2 so we have 
rl(0) 4- 2r2(0) § 3ra(0) = 30. 
Solving these gives us (1). Applying Proposition 6with a = 0% k = 3 gives 
3 (631 r (i) 
(3O) r.(1)+ + 
The sum of the valences of the l-points in H,, are given by 2r2(1) § r3(1) § z 
and also by 5r1(0). Thus 
r.~(1) = 5r1(0) -- z -- 2r2(1) 
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and using this and the equations (1) to eliminate r3(1), rl(0), and r2(0) 
from (3) gives us (2). 
LEMMA 6. For any point p, 2 <~ r3(O) <~ 4. 
PROOF: Recall that there can be at most six 1-points in H2 (Remark 2 
after Proposition 6). This fact together with (1) in Lemma 4 show that 
ra(0) ~ 4. Now if ra(0 ) = 0 then ra(0) = 2 so that r2(1 ) ~< 1. If these are 
substituted into (2) of Lemma 4 we see that 
2 ~> 6 + ra(2) q- (z + e). 
By Proposition 7, ~ ) 0 so the inequality is violated and the assumption 
rs(0) = 0 leads to a contradiction. If we assume r3(0) = 1 then ra(0) = 3, 
so r2(1) ~< 2. But if r2(1) = 2 then r3(2) = 1. Then (2) gives us 
2r2(1 ) ~ 4 6- r2(2 ) 6- (z 6- E) ~ 4 6- r3(2 ). 
This cannot be satisfied, hence the lemma is proved. 
LEMMA 7. For any point p, ra(0 ) :?5 2. 
LEMMA 8. For any point p, r3(O) :~ 3. 
For the proofs of these lemmas ee Appendix A. 
Rather than become involved in another long lemma to the effect that 
ra(0) ~: 4, we will conclude the proof that a (3, 7)-graph on 23 points 
cannot exist by counting quadrilaterals. 
Let p any point of G; by Lemmas 6, 7, and 8, r3(0 ) ---- 4 and then, 
by Lemma 5, r2(0) ---- 6. Any ciuadrilateral containing p contains exactly 
one point of H2. The l-points belong to no such quadrilateral, the 2-points 
are contained in exactly one each, and each 3-point is contained in exactly 
3 quadrilaterials. Hence there are 18 quadrilaterals in G which contain 
p and (18 • 23)/4 quadrilaterals altogether in G. This is impossible! 
SECTION 2 
The (3, 3)-graph on 5 points, a (3, 4)-graph on 8 points, and the 
(3, 5)-graph on 13 points all have a high degree of symmetry and can best 
be described in terms of the concept of a cyclic graph. 
DEFINITION 8. A graph G on n points is said to be cyclic if there exist 
integers 1 ~</1 </2 < "'" "< ik ~ [n/2], so that the points of G can be 
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identified with the integers modulo n and two points r and s of G are 
joined by an edge if an only if [ r --  s [ := 6 for some j = 1, 2 ..... k. 
REMARK. In Computation B we proved that R(3, 3 )~ 5 and the 
unique (3, 3)-graph on 5 points is a pentagon. Clearly this can be realized 
as a cyclic graph with k = 1 and l"1 -~ 1. 
COMPUTATION F. R(3, 4) ~- 8. 
PROOF: Choose il = 1, i2 ~ 4. This gives G as an octagon with 
antidopal points joined. Clearly there are no triangles. When one considers 
the octagon alone at most four independent points can be chosen and 
only by choosing alternate points on the octagon. Such 4-sets are not 
independent due to the diagonal edges (i.e., edges between antipodal 
points). 
REMARK 1. Two of these diagonals are obviously unnecessary in 
eliminating the independent 4-sets, hence e(3, 4, 8 )= 10 (see Com- 
putation G(4) and Ha,  Figure 2). 
REMARK 2. It can be easily shown that all (3, 4)-graphs on eight points 
are isomorphic to the cyclic graph above or to one of the subgraphs of it 
obtained by removing one or two of the diagonals. 
COMPUTATION q. R(3, 5) --~ 13. 
PROOF: Choose k = 2 and ix z 1, i2 == 5 (see H13, Figure 3). It is not 
difficult to show that Hx3 is a (3, 5)-graph and we leave this to the reader. 
We have not been able to discover a reasonable algorithm which 
computes either the independence number or the clique number of a cyclic 
graph on n points. However we have programmed a computer to compute 
these numbers and have found cyclic graphs which give the following 
numerical results: 
COMPUTATION R. (1) R(3, 6) ~ 16, (2) R(3, 7) >~ 21, (3) R(3, 8) >~ 26, 
(4) R(3, 9) ~ 35, (5) R(4, 4) = 17. 
PROOF: (l) Construct the cyclic graph on 16-points with k = 3, 
6 = 1, i2 = 3, ia = 8. (2) Here k = 3, ix = 1, iz --  3, iz --  8. (3) k ~ 4 
with il ~ 1, i2 = 3, i3 = 8, and i4 = 13. (4) Again k = 4 and il = 1, 
iz = 7, i3 = 11, i~ = 16. (5) We choose k = 4, with 6 = I, /2 = 2, 
i~ = 4, i 4 = 8. 
REMARK. (1) and (5) were first discovered by Greenwood and 
Gleason [2]. All of these results have been independently obtained by 
Kalbfleish [4] (also by computer). 
SOME GRAPH THEORETIC RESULTS 149 
Although cyclic graphs have enabled us to compute R(3, 3), R(3, 4), 
R(4, 4), R(3, 5), and possibly R(3, 9), there is no cyclic graph on R(3, 6)- 
or R(3, 7)-points and it is likely that R(3, 8) > 26. Thus we need other 
constructive t chniques. 
The technique which has proved most useful in the construction of 
(3, y)-graphs on n-points with e(3, y, n) edges is described in the following 
proposition. 
PROPOSITION 8. Let G be a (3, y)-graph on n points with e edges. Let 
Pl and P2 be two points of G a distance of at least 5 apart (i.e., any path 
joining Pl and Pz has at least 5 edges). Denote the valence of pi by v~ 
(i = 1, 2); and let Ki represent he vi points which are adjacent to p i .  
Finally let G' be the graph formed by removing from G the points p~ and p2 
and all edges with Pl or P2 as end-points, and then adding all edges between 
points in 1s and points in K 2 . Then G' is a (3, y -- 1)-graph on (n -- 2) 
points with [e + (Vl -- 1)(v2 -- 1) -- 1] edges. 
PROOF: Since p~ and P2 are at least a distance five apart, each point 
of/s is at least a distance three from each point in/s hence the edges 
added cannot produce triangles. Since no independent set of G' can 
contain points from both/(1 and/(2,  each independent set of G' can be 
extended (by the inclusion of px or Pz) to a larger set independent in G; 
hence I(G') < I(G). Clearly then G' is a (3, y -- 1)-graph. The point and 
edge numbers can be obtained by direct counting. Proposition 8 is proved. 
The condition that p~ and P2 be a distance five or more apart will cer- 
tainly be satisfied ifpl and P2 are on different components of a disconnected 
graph. In effect this is a method of welding two disjoint graphs together 
in such a way as to produce a graph with independence number less than 
the sum of the independence numbers of the component graphs. 
COROLLARY 4. I f  there exists a (3, y)-graph on n points with e edges 
and with a point of valence v, then there exists a (3, y + l)-graph on (n + 3) 
points and having (e + 3 + v) edges. 
PROOF: Let G be the disjoint union of Gi (a (3, y)-graph as described 
above) and //5 (the pentagon). Let Pl be a point in GI with valence v, 
and let P2 be any point in//5 9 Apply Proposition 8 and note that G' is a 
(3, y + 2 -- D-graph with (n + 5 -- 2) points and 
[(e + 5) + (v--  1)(2 -- 1) -- l] 
edges. 
The simplest application of this corollary is to prove again that 
e(3, 4, 8) = 10 (the existence of a (3, 3)-graph on 5 points with 5 edges 
582/4/2-4 
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implies the existence of a (3, 4)-graph on 8 points with 10 edges). To carry 
out the actual construction of such a graph, take G1 above also to be a 
pentagon; the resulting raph, Ha, is diagrammed in Figure 2. It is easy 
to show (see Appendix B) that Ha is unique. 
COROLLARY 5. If there exists a (3, y)-graph on n points with e edges 
having two points of  valence v and w a distance three or more apart, then 
there exists a (3, y + 1)-graph with (n ~ 4) points and (e + 6 + v + w) 
edges. 
PROOF: Let G be the disjoint union of G 1 (a (3,)')-graph as described 
above) and Ha. Let Pl and p~ be points of G1 with valence v and w, 
respectively, and a distance 3 or more apart; let P2 and p~ be non-adjacent 
points of valence 2 in H8 (these can be chosen in only one way up to a 
symmetry of//8). Apply proposition 8 to G, p l ,  P2, and note that G' 
is a (3, y + 3 -- 1)-graph on (n + 8 -- 2) points with 
[ (e+ 10)+(v - -  1)(2-- 1)-- 1] 
edges. Also note that P'I and P'2 are still a distance of at least 5 apart 
(in G') and still have valences w and 2, respectively, (in G'). Applying 
proposition 8 to G', P'I, P'2 we obtain a (3, y + 1)-graph G" on (n + 4) 
points and with (e + 6 + v + w) edges. 
COROLLARY 6. I f  there exists a (3, y)-graph on n points with e edges 
having two points of valences v and w a distance 4 or more apart, then there 
exists a (3, y)-graph on (n + 1) points with (e + 1 + v + w) edges. 
Note this corollary implies that a (3, y)-graph on R(3, y) points must 
have diameter less than 4 (i.e., any two points are a distance three or less 
apart). The proof of this corollary is the same as the proof of Corollary 5 
if we substitute H5 for H~ (with the exception, of course, that the inde- 
pendence, point, and edge numbers are different). 
COMPUTATION S. 
e(3, 4, 8) = 10, (I) 
e(3, 5, 11) = 15, (2) 
e(3, 5, 12) = 20, (3) 
e(3, 6, 16) = 32. (4) 
PROOF: In Section 1 we proved e(3, 4, 8) >~ 10, e(3, 5, 11) ~ 15, etc.; 
hence the construction of graphs with the proper clique, independence, 
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point, and edge numbers will prove equality. The graph/-/8 was constructed 
above, proving (1). Ha has a point of valence 2 and hence by Corollary 4 
there exists a (3, 5)-graph on 11 points with 15 edges. If we carry out the 
actual construction, //11 (Figure 2) is produced. /-/11 has two points of 
valence 2 each and a distance 4 apart, hence by Corollary 6 there exists a 
(3, 5)-graph on 12 points with 20 edges. If we carry out the actual con- 
struction, H~2 (Figure 2) is produced. H~z has two points of valence 3 
each and a distance 3apart, hence by Corollary 5 there exists a (3, 6)-graph 
on 16 points with 32 edges. 
REMARK 1. The graphs Ha, 1111, and //12 can all be shown to be 
unique (see Appendix B). However, in the construction of a (3, 6)-graph 
on 16 points with 32 edges, the two points in//12 of valence 3 a distance 3
apart can be chosen in two different ways (up to a symmetry of//12) 
and give rise to two distinct (3, 6)-graphs on 16 points. 
i !H 
FIGURE 2 
REMARK 2. H 5 is embedded in Hs which is embedded in //11, and 
//11 is embedded in//12. 
These general methods of construction still do not give a (3, 6)-graph 
on 17 points or a (3, 7)-graph on 22 points. We will now construct such 
graphs using two quite different methods. 
COMPUTATION T. R(3, 6) = 17. 
PROOF: Let H13 (see Figure 3) be the cyclic (3, 5)-graph on 13 points 
constructed in Computation Q. We note that points 0, 1, 8, and 9 fall 
on a quadrilateral. Adjoin to Hlz points 0', 1', 8', and 9' so that the 
subgraph H~s spanned by 0', 1', 2 ..... 7, 8', 9', 10, 11, 12, is isomorphic to 
Hln under the obvious mapping; also include edges between 0 and 9', 
0' and 9, 1 and 8', and 1' and 8. We denote the resulting raph by//17 
(see Figure 3). It is easy to check that//17 has no triangles. Now let I be 
an independent set in //17. Since /-/13 and H~3 are are (3, 5)-graphs, 
I can contain at most four points from either of these subgraphs. Hence 
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if I contains less than two points from among 0', 1', 8', and 9' or from 
among 0, 1, 8, and 9, I can contain at most 5 points. On the other hand 
if I contains two points from each of these sets, it follows that 11 is the 
only other point I could contain (the four points can be chosen in only 
two ways: 0, l', 8', 9 or 0', !, 8, 9'). Hence HI7 is a (3, 6)-graph on 17 points. 
REMARK I. H~v has 42 edges, but it is clear that two of the edges 
between 0, 1, 8, 9 and 0', 1', 8', 9' are unnecessary; thus proving 
e(3, 6, 17) = 40. 
3 ~o [-[13 Hi'/ 3Xl~ ,ll 
II II ~ il- ~ - 
II r i 7 I ~ 3 q ;~77 l 
FIGURE 3 
REMARK 2. We should note that H12 is embedded in H13 which is in 
turn embedded in H~7 9 
COMPUTATION U. R(3, 7) ~ 22. 
PROOF: Let p be a point with edges to the points Pl,P.~ ..... Pe. Let 
P~s be points for 1 ~ i < j ~< 6 and let p~s have an edge to p~ and to pj 
(these will be the edges from H 2 to /-/1 when p is preferred). Finally we 
join p~j to Pkn with an edge if i, j, k, h are all distinct. The graph thus 
produced has 22 points, no independent 7-sets, but it has many triangles. 
It is easily seen that all of these triangles are in //2. Now H 2 has a 
Hamiltonian circuit c (the order of the points in c is Paz, Pa5, P16, Pz3, 
P56, P24, Pa6, P4~, Pla, P4~, Px~, P26, P14, P25, Ps4) passing through each 
triangle exactly once. Let G denote the graph obtained by deleting the 
edges of c from the graph described above. Then G is a (3, 7)-graph. 
One can show without too much difficulty that the "new" H~ is a 
(3, 6)-graph. Assuming this, any independent 7-set would have to contain 
two or more points among PI . . . .  , P8 9 First choose any two points from 
among Pl ,..., Pe and let the remaining points be denoted by pa,  Pb ,  Pc ,  Pa 9 
SOME GRAPH THEORETIC RESULTS 153 
If the two points chosen belong to an independent 7-set hen the remaining 
five points must be above (Pa,P~ ,Pc, Pd). The points above these four 
points are Pa~, Pod, P,~c, Pbd, Pad, Pbc and were joined pairwise by three 
edges in the original construction. Thus we will have five independent 
points among them in G if the removal of the edges of c removed two or 
more of these three edges. Now it is easy to check that each edge of c is 
above a distinct 4-set of/ /1 so there are at most four independent points 
are above {Pa , Pb , Pc, Pa}. 
I f  we choose a 3-set from Pl .... ,P6 then the complementary 3-set has 
only three points of / /2  above it, hence no 3-set from pl ..... Pn can be 
extended to an independent 7-set by choosing points from H2. Similarly 
4-sets and 5-sets of p~ .... ,Pn cannot be extended to independent 7-sets. 
Thus we have a (3, 7)-graph on 22 points. 
This method of construction will also produce a (3, 6)-graph on 
on 16 points and a (3, 5)-graph on 11 points, but will not produce a 
(3, 8)-graph on 29 points. 
SECTION 3 
We will start this section with a summary of the further esults that we 
have obtained using the techniques developed in the preceding sections; 
proofs which have been omitted are in Appendix B. 
A direct application of Proposition 4 will yield: 
e(3, 6, 12) ~> 11, (1) 
e(3, 6, 13)/> 15, (2) 
e(3, 6, 14)/> 20, (3) 
e(3, 6, 15)/> 25; (4) 
and the constructions described in the corollaries to Proposition 8 will 
show equality in each case. Using these results, Proposition 4, and some 
case by case considerations we can show: 
e(3, 7, 19) ~ 36, (5) 
e(3, 7, 20) ~ 44, (6) 
e(3, 7, 21)/> 50, (7) 
e(3, 7, 22) >~ 59. (8) 
With the construction techniques from Section 2 we can show equality 
in (6) and show that e(3, 7, 19)~< 37, e(37, 21)~< 51. We believe the 
upper bounds to be the correct values for e(3, 7, 19) and e(3, 7, 21), but 
make no guess as to the exact value of e(3, 7, 22). 
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For (3, 8)-graphs, Proposition 4 yields: 
el3, 8, 27) ~ 80, (9) 
e(3, 8, 28) ~ 88, (10) 
e(3, 8, 29) ~ 99. (11) 
If G were a (3, 8)-graph on 30 points, cr(G) must be zero, hence each 
would be of valence 7 and G would have 105 edges. Therefore ifp is any 
preferred point,//2 would be a (3, 7)-graph on (30 -- 8) = 22 points with 
(105 -- 49) = 56 edges. Since e(3, 7, 22) >~ 59; this is impossible and we 
may conclude that R(3, 8)~< 29. The best lower bound we know for 
R(3, 8) is 26 (see Section 2). 
We have much better information about R(3, 9). Assume that there is 
a (3, 9)-graph on 36 points. Apply Proposition 4 using the lower bounds 
in (9), (10), and (11) above. We obtain 
36e ~ (80 + 64) So + (88 + 49) Sl + (99 + 36) s2; 
also we have 2e = 8s 0 + 7S 1 -~ 6S2. Multiplying the second equality by 18 
and eliminating e, we obtain 0 >~ 12sl + 27s2. Hence the only possible 
solution for this system is s 0 -  36, sl-----s2 =0,  e = 144. It clearly 
follows that R(3, 9) <~ 36 since the removal of one point (and adjacent 
edges) from any (3, 9)-graph on 37 points would produce a (3, 9)-graph 
on 36 points with less than 144 edges. The non-existence of a (3, 8)-graph 
on 27 points with 80 edges would preclude the existence of a (3, 9)-graph 
on 36 points and hence show R(3, 9) = 35 (recall we proved in Section 2 
that R(3, 9) ~ 35). If e(3, 8, 27) = 80, then the application of Proposition 6
should settle the question although the amount of work involved may be 
of the order of that in Appendix A. The authors do not have the fortitude 
necessary to carry out another such search. 
We close this paper with a consideration of the asymptotic behavior 
of R(3, y). Recall that the best lower bound known for R(3, y ) i s  
Cy2/(log y)2 given by Erd6s in [1]. We will prove: 
PROPOSITION 9. There exists a constant B so that 
R(3, y) ~ By 2 log log y/log y. 
Before we can prove this proposition we must introduce some notation 
and prove a lemma. Let {G(y)} be a sequence of (3, y § 1)-graphs on 
R(3, y + 1) points for all positive integral values of y; let Hi(y) be a 
preferred independent y-set in G(y), and H~(y) the subgraph of G(y) 
spanned by the points not in H~(y). Define Ki(y) to be the subgraph of 
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H2(y) spanned by the/-points (i.e., the points of H2(y) adjacent o exactly 
i points in Hi(y)); denote by Pi(Y) the number of points in K~(y) and by 
ei(y) the number of edges in K~(y). 
LEMMA 9. There exists a constant A so that p~(y) <~ Ay(~'-~m whenever 
2 ~ i ~ log y. 
PROOF: Apply Proposit ion 6 (with a = 1) to the graph spanned by 
K~(y) and H~(y) keeping Hi(y) preferred. We obtain 
k (Yk) ~ (Yk - - i )P i (Y ) -  (Yk -- 221)ei(y). 
Since each point in Ki(y) has at most valence (y --  i) in K~(y), we conclude 
that e~(y) <~ 89 -- i). This gives 
- i) (;< - 7 ) I  
I f  we assume 2i < k < y, we may simplify this inequality to obtain 
(y --  2i)! (k -- i)! t Pi(Y) <~ y! (k -- i)[ 
l l  2(y --  t --  1)! (k -- 2i)tl (k - -  1)! (y --  i)t" 
The right-hand side is majorized by yi/(k -- i) i-~ whereas the coefficient 
ofpi(y)  majorizes {1 -- U/2(y -- 2i)i-1}. The result is 
{1 --  k?2(y -- 2i) '-~} Pi(Y) <~ y'l(k - i) ,-1. (1) 
Now this can be written 
{1 --  k~l[2yi-l(1 -- 2ily)'-l]} pi(y) ~ y~l[ki-l(1 -- i lk)i-q. (2) 
Let 0 < E < 1/2 be given. Since i ~< log y it can be shown that 
(1 --  2i/y) i-1 -+ 1 as y --+ ~ ; 
hence there is an integer Y1 such that whenever y ~ ]I1 we have 
(I - -  2i/y) i-~ > 1 -- e. Now whenevery ~ Y~ if we choose k ---- int[y (~-1~/i] 
then the left side of  (2) majorizes 1 -  1 / [2 (1 -  e)] while the factor 
ki-l(1 -- i/k) i-1 on the right side of  (2) majorizes (1 --  ~)y(i-1)~/~ for all 
Y >~ Y2 as again (1 --  ilk) ~-~ approaches 1 as k --+ o~ with y. 
Thus for y ~> max(Y~, Y2) we assert 
p,(y) <~ [2(1 --  E)/(1 --  2e)] yi/[(1 -- ~) y{i-l?/,] <~ Aly2-1/,. 
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For y ~ max(Y1, Yz) we find a constant A2 so that p~(y) ~ A2y 2-1;~ 
and hence for A = max(A1, A2) the lemma is proved. 
PROOF OF PROPOSmON 9. Recall the decomposition of G0') into 
subgraphs Hi(y), 1(10') ..... Ku0, ) (note since G0') is a (3, y + 1)-graph 
and H, contains y points, H2(y) contains no o-points nor/-points for 
i > y). The number of points in GO'), R(3, y .- 1), is then equal to 
y 
y + Y~ ply) .  
i=1 
By Remark 2 after Proposition 6, Pl(Y) ~ Y. Hence 
R(3, y) ~ R(3, y + 1) ~ 2y q- L P~(Y). 
i=2 
(4) 
Since there are at most y2 edges between H10') and H2(y), and since 
each/-point accounts for i of these edges we have: 
y 
y2 ~ E ipi(y) ~ h L P~(Y)" 
i=1 i~h  
Hence y~/h majorizes ~{=hPiO') for any h > 0. Now if h ~ log y, 
it follows from the lemma that ~=2P~(Y) is majorized by 5Z~=~ Ay ~-(1/~1. 
We have then 
h li h ' (5) 
Clearly ~i~=1 ( /y)l/~ is an increasing function of i i fy  > 1 ; hence 
i=1 
Now choose h = logy/2 log logy and Ak2(1/y) 1/h becomes 
A 
4 log log y ' 
which goes to 0 as y becomes infinite. Hence, with this choice for h, 
the coefficient of y2/h in (5) approaches 1 as y becomes infinite and the 
proposition follows. 
COROLLARY. g(x, y) ~ By ~ 1 log log y/log y. 
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PROOF: This follows by induction using Lemma 2 and a sequence of 
(x, y)-graphs, y ~- x, x + 1, x + 2 .... as in Proposition 9. Lemma 2 
asserts by the obvious induction hypothesis that each point of H~(y) has 
at most Ay ~-2 log log )'/log y and hence Z~'=~ ipi(y) <~ yAy ~-2 log log y/log y. 
It is still true that y q- Y~=~ pi(y) = R(x, y) so we have, easily, the con- 
clusion of the corollary. 
APPENDIX A 
In this appendix we prove Lemmas 7 and 8. Their proofs are a case by 
case exhaustion of the remaining possibilities for a (3, 7)-graph on 
23 points. We first introduce some notation and prove a preliminary 
auxiliary lemma. Throughout his appendix it is assumed that a fixed 
point p of valence 6 in a (3, 7)-graph on 23 points has been preferred. 
We denote the points of i l l  by a, b, c, d, e, fand  the points of H2 according 
to their support. For instance a 1-point above {b} would be denoted by 
(b) and a 2-point above {b, e} would be denoted by (b, e). By Remark 2 
following Proposition 6, no two 1-points can have the same support, 
and two 2-points and a l-point cannot be supported by a 2-set o f / /1 .  
In the case of 2-points the only ambiguity will arise in one case of Lemma 7. 
Finally since 3-points play a minor role, no confusion will arise in referring 
to them by this system. 
LEMMA A. Let x, y, z, w be arbitrary but distinct points of H1 and 
consider the following patterns: 
(I) I f  (x), (x, y), (x, z), (y, z) are in H 2 then there is an edge between 
(x) and ~y, z). 
(II) I f  (x), (y), (x, y), (x, z), (,y, z) are in H2 then there are edges 
between (x) and (y), between (x) and (y, z), and between (y) and (x, z), 
thus producing configuration C3 of Proposition 7. 
(x), (y), (z), (x, y), (y, z), (x, w), (y, w), (z, w) cannot occur (III) 
inH2. 
(IV) 
inH2. 
(v) 
(x), (y), (z, w'), (x, z), (x, w), (y, z), (y, w), (x, y) cannot occur 
(x), (x, y), (x, z), (x, y, z) cannot occur in H2 . 
PROOF: (I) this is the only edge which can occur between those points 
in//2 without forming a triangle but since those four points have a 3-set 
for support here must be at least one edge to avoid an independent 4-set, 
thus the edge (x) -- (y, z). 
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(II) 
and 
In this case pattern I appears twice: 
(x>, <x,y>, <x,z>, (.1', 2> 
<y>, (x,y>, (x,z>, <y,z>, 
hence the edges (x>-  (y, z) and (y>-  (x, z> and finally the edge 
(x> -- (y> is required (see Remark 2 following Proposition 6). 
(Ill) Here pattern II appears twice as 
(x>, (y>, (x, y>, (x, w>, (y, w> 
and 
<y>, <z>, <y, z>, <y, w>, <z, w>, 
so that, among others, the edges <y>-  <x, w> and <y>-  <z, w> are 
required. Thus <x>, <z), <x, w>, and <z, w> are an independent 4-set above 
{x, z, w} (each has an edge to <y>). 
(IV) Pattern I appears twice as 
and 
<x>, <x, z>, (x, w>, <z, w> 
(y>, (y, z>, (y, w>, (z, w), 
so that the edges (x> -- (z, w> and <y> -- (z, w> are required. Then the 
edge (x> -- (y> which is necessary because of (x, y> completes a triangle. 
(V) (x>, (x, y>, (x, z>, <x, y, z> form an independent 4-set above 
{x, y, z} and no edges are possible between them. 
LEMMA 7. ra(0) @ 2. 
PROOF: We assume that ra(0) = 2, hence that rl(0) = 4 and r2(0) = 10 
(see equations (1) of Lemma 5). Without loss of generality we may let 
the 1-points (a), (b), (c), (d>. We consider first the case in which {e,f} 
supports two 2-points; call them (e, f )  and (e,f)'. 
Now (e, x) and ( f ,  x) for x = a, b, c, d is impossible since (e,f>, 
(e , f ) ' ,  (e, x), (f, x) would be an independent 4-set with a 3-set for 
support. That means that at least four of the ten 2-points have support in 
{a, b, c, d}. But since each 2-point with support in {a, b, c, d} requires a 
1,1-edge, an edge between 1-points (see Remark 2 following Proposition 6), 
and since the four l-points can have at most four edges among them and that 
can occur only in case they form a quadrilateral, we may assume without 
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loss of generality (a, b), (b, c), (c, d), (d, a), and hence the corresponding 
edges (a ) -  (b), (b ) -  (c), ( c ) -  (d), and (d ) -  (a). Since three 
2-points of the form (e, x) (for x = a, b, c, or d) would involve pattern III 
of Lemma A, we see that among the 2-points (a, x), (b, x), (c, x), and 
(d, x) (where x = e or f ) ,  x must ake the values e andfexactly twice each. 
Now observe that each point in //1 has exactly four edges to 1-points 
and 2-points in//2 so that the 3-points will have disjoint support. But any 
3-point with support in {a, b, c, d} (say (a, b, c)) would involve pattern V 
((a, b), (b), (b, c), (a, b, c)) and that is not possible. This leaves us with 
either (a, b, e) and (c, d,f) or (a, c, e) and (b, d,f). 
In the first alternative, to avoid pattern V we must then have (a,f) 
and (b,f), but then (a,f), (b,f), (e,f), (e , f ) ' ,  and (a, b, e) is an 
independent 5-set with a 4-set support. The second alternative leads to 
(a, c, e), (e,f), (e,f)', (a, x), (c, y), all above the set {a, c, e,f} and, 
if x = y ---- e or x = y =-f, they would be an independent 5-set, so we 
assume (a, e) and (c,f)  and by symmetry also (b, e) and (d,f). Above 
{a, c, e} are (a, c, e), (a), (c), (a, e), so the edge (c ) -  (a, e), and 
above {a, b, e} are (a, b), (a, e), (b, e), (a), (b) (which is pattern II), 
hence edge (b) -- (a, e), which completes the triangle (b), (c), (a, e). 
Thus all 2-points have distinct support. We will now consider the 
various cases of 2-points supported above {a, b, c, d}. Since, as we noted 
above, at most four 2-points have support in {a, b, c, d} we begin with 
CASE 1. Four 2-points have support in {a, b, c, d}. 
We can assume without loss of generality (a, b), (b, c), (c, d), (d, a). 
Now since we have at most one 2-point above {e,f} there are at least five 
2-points with one edge to {a, b, c, d} and the other edge to {e,f}. This 
leads us to pattern III with any assignment of support o these 2-points. 
CASE 2. No 2-points with support in {a, b, r d}. 
Since there can be at most eight 2-points with one edge to {a, b, c, d} 
and one edge to {e,f} and at most one 2-point above {e,f} there must be 
at least one 2-point above {a, b, c, d}. 
CASE 3. Exactly one 2-point above {a, b, c, d}. 
In this case pattern IV cannot be avoided (we may assume (a, b), 
and must also have (a), (b), (a, e), (a,f), (b, e), (b,f), (e,f)). 
CASE 4. Two 2-points above {a, b, c, d}. 
If these 2-points have disjoint support (say (a, b), (c, d)) we can assign 
the remaining eight 2-points in two ways: (a, e), (a,f), (b, e), (b,f),  
(c, e), (c,f), (d, e), (e,f)  or the same except with (d,f) replacing (e,f). 
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In the first case pattern IV appears above {a, b, e,f}, hence this is not 
possible. In the second assignment pattern II is seen four times (above 
{a, b, c}, {a, b,f}, {c, d, e}, and {c, d,f}) so that configuration C3 appears 
at least four times and hence 9 ~> ca >~ 4. Also in this case r2(1) = 2, 
r3(2) = 0 (the 1,1-edges (a) -- (b) and (c) -- (d) are forced) or we could 
have r2(1) = 3. r3(2) = 2 (by adding the edge (b) -- (c)) or r2(1) = 4, 
r3(2) = 4 (by adding another edge (a) -- (d)). But 2r2(1) -- r3(2) = 4 
and equation (2) of Lemma 4 becomes 
4 =2r2(1 ) - ra (2)~>2 +z+ 9  
This absurdity reduces this case to the possibility of (a, b) and (b, c~ 
as the two 2-points; however now pattern III cannot be avoided, thus 
excluding Case 4. 
CASE 5. Three 2 points with support in {a, b, c, d}. 
We can assume (a, b) and (b, c) without loss of generality. Now if we 
also have (b, d) then (a, e) can be assumed and {a,f). Also if (e, f)  
then pattern I and hence edge (a) -- (e,f)  appear. Note that in this 
situation the edge (b ) -  (e, f )  is not allowed. The 1-point (b) has 
three edges in H~ already assigned hence it has two more edges. These 
edges could be of two types, an edge from (b) could go to a 3-point or to a 
2-point among (a, e), (a,f),  (c, e), (c,f),  (d, e), (d,f): an edge of the 
first kind increases z by one and an edge of the second kind forms con- 
figuration 6'2, increasing 9 by one. Thus the two remaining edges from 
(b) result in (z + 9 >~ 2. Since r3(2) = 3 this assignment is impossible. 
We may thus assume (a, b), (b, c), (c, d) and to avoid pattern III 
(a, e), (a,f), (b, e), (c,f),  (d, e), (d,f),  (e, f)  are necessary. Now 
pattern II appears twice (above {a, b, e} and {c, d,f}) so we have edges 
(a ) -  (b, e) and (b ) -  (a, e) and (c ) -  (d,f), (d ) -  (c,f),  which 
implies that c3 >~ 2. Also pattern I appears over {a, e,f} and {d, e,f}, 
requiring edges (a) -- (e,f)  and (d) -- (e,f).  As we have already shown 
that 9 ~> 2, and since ra(2) = 2, we must have z = 0 and 9 = 2, i.e., no 
1-points can have edges to 3-points, and we must avoid any configuration 
which would increase 9 
Now we again consider the remaining two edges from (b) in /-/2. 
Edges to (e, f)  or (d,f)  would form triangles ((a), (b), (e, f )  or (b), 
(c), (d,f)) and edges to (a,f)  or (c, f )  would complete configuration C~, 
which increases 9 while edges to (a, b), (b, e), (b, c) are not allowed 
(all have {b} in common) the edge (b) -- (a, e) has already been accounted 
for, so the only possibility open is to have edges (b ) -  (c, d) and 
(b) - - (d ,  e). By symmetry we then have also edges (c) - - (a ,  b) and 
(c) -- (a,f). 
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Now consider the two unassigned edges from (a). Edges to (a, b), 
(a, e), (a , f ) ,  (d, e) and (c, d) would form triangles (recall we have the 
edge (a ) -  (b)) while the edge (a ) -  (b, c) would complete con- 
figuration C4 and increase E. With edges already assigned we are left with, 
and required to have, edges (a) -- (d , f )  and (a) -- (c , f )  and again by 
symmetry (d ) -  (a, e) and (d ) -  (b, e) are also needed. Next we 
observe that each point in H 1 has been assigned four edges to 1-points 
and 2-points leaving the two 3-points to have disjoint support, and to 
avoid pattern V these 3-points are (a, b, d) and (c, e,f) ,  or (a, c, d) 
and (b, e,f) ,  or (a, c, e) and (b, d,f) ,  or (a, c , f )  and (b, d, e). 
The first choice is ruled out by considering {c, e,f} and noting that 
(c), (c, f) ,  (e , f )  and (c, e , f )  can have no edges because of existing 
edges (c) -- (d) and (d) -- (e, f) ;  thus these four points are independent 
and above a 3-set. Similarly the 3-set {b, e, f} shows that the second choice 
is untenable. The 3-set {a, c, e} and the edges (b) -- (a, e) and (b) -- (c) 
show that the third choice cannot be made. Finally, the points supported 
by {a, c, e,f}, and in particular (a, c,f) ,  (a , f ) ,  (c, f) ,  (e, f) ,  (a, e), at 
present have no edges between them hence the edge (a, e ) -  (e , f )  is 
required (all other edges would form triangles). But then this edge and 
the edges (d)  -- (a, e) and (d) -- (c , f )  form a triangle. Thus we have 
exhausted the possibilities in which rs(0) = 2. 
LEMMA 8. rs(O) =/= 3. 
PROOF: Assume rs(0 ) = 3, then r2(0 ) = 8 and r l (0 )= 5. We will 
denote the 1-points by (a), (b), (c), (d), (e). If five of the 2-points have 
f in their support then three 2-points are supported in {a, b, c, d, e} and 
hence at least two of these have a common point in their support; this 
necessitates the occurrence of pattern III. There can then be at most four 
2-points supported by {a, b, c, d, e}. 
Assume now exactly four 2-points are above {a, b, c, d, e}. There are 
just three assignments of 2-points (up to permutation of indices) which 
avoid pattern III and triangles among the edges required between 1-points. 
They are (a, c), (b, c), (c, d), (c, e), (a, f) ,  (b, f ) ,  (d,f) ,  (e , f )  or the 
same as the above except that (d, e) replaces (c, e), or the same as the 
first assignment with (a, b) replacing (a, c) and (d, e) replacing (c, e). 
In all cases f is in the support of just one 3-point so two 3-points have 
support in {a, b, c, d, e}. In the first assignment above, a 3-point with c 
but not f in its support would produce pattern V so we may assume 
(a, b, d). But then (a), (b), (d), and (a, b, d) are an independent 4-set 
supported by {a, b, d} and no edges are possible ((a), (b), (d) are all 
joined to (c) by edges). 
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{a, c, e} 
{a, e, d} 
{a, b,f} 
{b, d, e} 
{a, c, d, e} 
Note among (e), (e, d), (,a, c), 
,(a, c) -- (d, e). 
{a, b, c} implies an edge 
{a, c, e,f} implies an edge 
Assume then the second assignment above. Pattern II appears above 
{d, e,f} giving edges (d) -- (e , f )  and (e) -- (d, f ) .  Since c is in the 
support of three 2-points and one 1-point it must be in the support of 
one 3-point. (c, e , f )  is not possible as (c), (e), (e , f ) ,  (c, e , f )  are 
independent ( he edges (c), -- (d) and (d) -- (e , f )  excluding the edge 
(c) -- (e,f)) .  The only possibilities which avoid pattern V are (a, c, e) 
and (b, c, e). By symmetry we choose (a, c, e). b must be in the support 
of both of the remaining 3-points and a, d, e, f are each in the support of 
one of the remaining 3-points. (a, b, d) would produce an independent 
4-set above {a, b, d) so we must have (a, b, e) and (b, d, f )  or (a, b , f )  
and (b, d, e). 
Assume first (a, b, e) and (b, d,f) ;  then consider the points supported 
by {b, d,f}. There must be edges (b ) -  (d , f )  and (d ) -  (b , f )  (the 
edge (b ) -  (d) cannot occur because of (c ) -  (b) and (c ) -  (d)). 
Then (e), {a,f) ,  (b , f ) ,  (e , f ) ,  (a, b, e i) are above {a, b, e,f}, requiring 
the edge (e ) -  (a , f )  (the edges (d ) -  (e) and (d ) -  (b , f )  exclude 
{e) -- (b, f)) .  Now the points above {a, d, f}, because of the edge 
(ie) -- (a , f )  which exclude (d) -- (a , f ) ,  require the edge (a) -- (d, f ) .  
Finally (a), {b), (e) each have an edge to (d , f )  so they are independent 
and with (a, b, e) form an independent 4-set supported by a 3-set of H 1 . 
This leaves (a, c, e), (a, b, f ) ,  and (b, d, e) as our choice for 3-points. 
A similar argument (but longer) shows the contradiction. We will give 
only the list of sets to consider and the relevant edges forced; the order 
in which we consider the sets is important since each step hinges on 
preceding one: 
implies the edge (e) -- (a, c). 
implies the edge (a) -- (c, d). 
implies the edges (a) -- (b , f )  and (b) -- (a, f ) .  
implies the edge (b) -- (d, e). 
implies the edge (a, e) -- (d, e). 
(a, c, e), (d, e) the only possible edge is 
(a) - ,;b, c). 
(e) -- (a , f ) .  
Note (e), (c), (a , f ) ,  (e, f ) ,  (a, c, e) allows only the edge (e) -- (a , f ) .  
Furthermore {a, d,f} implies the edge (a) -- (d, f ) .  We now have (a) 
assigned edges to (c), (c, d), (d , f ) ,  (b, c), and (b, f ) ,  hence they are 
independent but their support is a 4-set. 
Finally we have the assignment (a, b), (b, c), (c, d), (d, e), (a , f ) ,  
,.b,f), (d, f ) ,  (e , f )  as the 2-points. Pattern II appears above {a, b,f} 
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and above {d, e,f}; hence we have edges (a) -- (b,f) ,  (b) -- (a, f ) ,  
(d) -- (e, f) ,  (e) -- (d , f )  together with edges (a) -- (b), (b) -- (c), 
(c) -- (d), and (d) -- (e). Then a, c, and e are each in the support of 
two 3-points while b, d, and f are each in the support of one 3-point. 
(a, b, f ) ,  (b, c, f ) ,  (c, d, f ) ,  (d, e, f )  all lead to pattern V. 
(a, c , f )  (and by symmetry (c, e,f))  is not possible since (a), (c), (a, f ) ,  
and (a, c, f )  would then be independent; he edges (b ) -  (c) and 
(b) -- (a , f )  do not allow (a) -- (c) or (c) -- (a,f) .  (a, d , f )  requires 
edges (a ) -  (d , f )  and (d ) -  (a , f )  and leaves only the assignment 
(a, c, e) and (b, c, e). Then (a, c, e), (a), (c), (e) is an independent 4-set 
above {a, c, e} (both (a) and (e) have an edge to (d,f)). By symmetry 
(b ,e , f )  is not possible. (a, e, f )  requires edges (a ) -  (e , f )  and 
(e) -- (a, f) .  Then {b, e,f} does not allow the edge (b) -- (e , f )  so we 
must have (e ) -  (b , f )  and hence also (b ) -  (d , f )  above {b, d,f}. 
Now (d), (a), (a, f) ,  (d , f )  are independent above {a, d,f} and no 
edges are possible. Finally (b, d , f )  is not possible since this would 
require (a, b, c) and (a,b, c)', two 3-points above {a, b, c}, and then (a) 
(c), (a,b, c), (a, b, c)' are independent above {a, b, c}. 
Next we consider five 2-points supported by {a, b, c, d, e}. There can 
be only two arrangements which do not give triangles among the 1-points; 
they are: (a, b), (b, c), (c, d), (d, e), (e, a) and (a, b), (b, c), (c, d), 
(d, e), (e, b). In the first assignment, to avoid pattern III, we must have 
(a, f ) ,  (b,f) ,  and (d,f) .  Then pattern II appears above {a, b,f} giving 
edges (a ) -  (b , f )  and (b ) -  (a,f) .  The 3-points (x ,y , f )  where 
(x, y) is a 2-point will give pattern V. Also (a, c , f )  is impossible because 
(a, c,f) ,  (a), (c), (a , f )  must be independent ( (c ) -  (a , f )  is not 
allowed and the edge (b) -- (a , f )  excludes the others). This leaves only 
(a, d,f) ,  (b, d,f) ,  and (c, e , f )  as possible 3-points with f in  their support 
and we must have two such 3-points. By symmetry we can choose (a, d,f) .  
Then above (a, d , f )  we have (a) -- (d , f )  and (d) -- (a,f) .  Then if 
we also have (b, d , f )  the edge (b) -- (d , f )  would complete a triangle so 
we must have (c, e , f )  and (b, c, e). Then above {b, d,f} the edge 
(d) -- (b , f )  is needed and consequently (c, e,f) ,  (b, c, e), (b,f) ,  (b, c), 
(c) are independent above {b, c, e,f}. 
Consider then the second assignment above. The three 2-points with f 
in their support can be assigned in only three ways (up to permutation) 
to avoid pattern III. We must have (a , f )  and we then have a choice of 
(b , f )  and (d , f )  or (c , f )  and (e , f )  or (c , f )  and (d,f) .  In the first 
assignment a, c, e, and fa re  each in the support of two 3-points and d 
in the support of one. Since e and c are each in the support of two of 
the three 3-points we must have (c,e, x). Now ( c, e, d) leads to 
pattern V and (a, c, e) gives rise to an independent 4-set above {a, c, e}. 
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Thus we have (c, e,f), and either (a, c , f )  (a, e, d) or (a, e,f), (a, c, d). 
Pattern II appears above {a, b,f} so we have edges (a ) -  (b,f) and 
.:b) -- {a,f) but then (a), (c), (a,f), (a, c,f) from an independent 4-set 
above {a, c,f} ((a), (e), (a,f), (a, e,f) above {a, e,f}). Thus the first 
assignment is impossible. 
In the second assignment, (a,f), (c,f), and <e,f), we have one 
3-point supported by {a, b, c, d, e}. As before (a, c, e) gives an independent 
4-set above {a, c, e}, and since we must avoid pattern V the only choices 
are (a, c, d) or (a, e, d) or (a, b, d). Since the first two are symmetric 
we will consider only the last two. We could complete the assignment 
using (a, e, d) in only one way to avoid pattern V, namely using (a, c, f )  
and (b, d, f ) .  Similarly <a, b, d) can only be completed with (a, d , f )  
and (c, e,f). In the latter case (a, b, d), (a, d,f), (a,f), (a, b), and (a) 
give an independent 5-set above {a, b, d,f}. Thus the only case to consider 
is the former. Again we will outline the sequence of steps since the 
argument is very long. 
{a, e,f} implies 
{a, e, d} implies 
{b, d, e} implies 
{b, c, e} implies 
{b, c, d} implies 
{c, d, e} implies 
{b, c, d,f} implies 
{c,e,f} implies 
edges (e) -- (a,f)  and (a) -- (e,f). 
the edge (a) -- @, d). 
the edge (d) -- (b, e). 
the edge (e) -- (b, c). 
the edge (b) -- (c, d). 
the edge (c) -- ,(d, e). 
the edge (d) -- (c,f). 
the edge (c) -- .:ie, f ) .  
Now the set {b, d, e,f} has {b), (d), (d, e), (e,f) ,  and (b, d , f )  as an 
independent 5-set above it. 
We must now consider the arrangement with (a,f), (c,f), and (d , f ) .  
Again one 3-point has support in {a, b, c, d, e} and again to avoid (a, c, e) 
and the appearance of pattern V we must have (a, b, d) or (a, c, d) or 
(a, d, e). Each forces the rest of the assignment. Since pattern II appears 
{c, d,f} we must have edges (c ) -  (d,f) and (d ) -  (c,f). Then in 
the first assignment of 3-points (a, b, d), (a, e,f), (c, e,f) we obtain 
(c), (e), (c, e,f), c,f) as independent above {c, e,f}. The second 
assignment, (a, c, d), (a, e,f), (b, e,f) leads to the following sequence 
of steps. 
{a, e,f} 
{a, c, d} 
{b, ~, a} 
{b, c, e} 
{b, d, e} 
{c, < e} 
requires (e) -- (a,f). 
requires (a) -- (c, d). 
requires (d) -- (b, c). 
requires (c) -- (b, e). 
requires (b) -- (d, e). 
requires (e) -- (c, d). 
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Now (c, d) and (a,f)  both have edges to (e) so (c, d), (a,f), (d,f), 
(c,f), (a, c, d) are five independent points above a 4-set. 
In the last ease the 3-points are (a, d, e), (a, c,f) and, (b, e,f)  and 
the steps are as follows. 
{a, c,f} implies the edge (c) -- (a,f)  and (a) -- (c,f). 
{a, d, e) implies the edge (a) -- (d, e). 
{b, d, e} implies the edge (d) -- (b, e). 
{b, c, e} implies the edge (e) -- (b, e). 
{b, c, d} implies the edge (b) -- (c, d). 
{c, d, e} implies the edge (c) -- (d, e). 
Then (a, f ) ,  (e, d), and (d) all have an edge to (c) hence (e, d), (a,f), 
(d), (a, d, e), (d, f )  is an independent set above {a, d, e,f} so this 
assignment cannot work. 
The one remaining case in the proof of Lemma 8 occurs when six 
2-points are supported by {a, b, c, d, e}. In order to avoid triangles among 
1-points we have (up to permutations) the 2-points (a, c), (b, c), (a, d), 
(b, d), (a, e), (b, e). Consider then the 3-sets of H I , {a, b, x} where 
x----c,d,e; each case requires an edge (a ) - - (b ,x )  or an edge 
(b) -- (a, x). We can thus assume without loss of generality that we have 
the edges (b) -- (a, c) and (b) -- (a, d). Then (b) and the five points 
with f in their support (the three 3-points and two 2-points) are an 
independent 6-set in/-/2 so//2 is not a (3, 5)-graph in this case and the 
proof of Lemma 8 is complete. 
APPENDIX B 
We wish to establish the values of e(3, y, k) for several values ofy and k. 
In many cases we will show the uniqueness of the (3, y)-graph on k points 
with e(3, y, k) edges. 
We begin with e(3, 6, k) for k ---- 12, 13, 14, and 15. Consider first the 
possibility of a disconnected (3, 6)-graph on k points. In such a graph the 
independence number is the sum of the independence numbers of its 
components; hence k ~< R(3, k0 + "'" + R(3, ki) and 
6<(k l - -  1 )+- . .+(k l - -  1). 
We have the following useful solutions: R(3, 4 )+ R(3, 3)----13, and 
R(3, 3) + R(3, 3) + R(3,2) = 12. These lead to a (3, 6)-graph on 
13 points consisting of Hs and a pentagon and to a (3, 6)-graph on 12 points 
consisting of two pentagons and two points joined by an edge. It also 
follows from these inequalities that disconnected (3, 6)-graph on 14 or 
15 points must contain isolated points or points of valence 1. 
58214/2-5 
166 GRAVER AND YACKEL 
Let G be a (3, 6)-graph on 12 points. If a point of valence 0 is preferred, 
//2 is a (3, 5)-graph on 11 points and has of course 15 or more edges; if a 
point of valence 1 is preferred,/42 is a (3, 5)-graph on 10 points with at 
least 10 edges forcing G to have at least 11 edges; finally, if G has no 
points of valence 0 or 1, G must have at least 12 edges. Hence 
e(3, 6, 12) ~> l l, 
and since the (3, 6)-graph on 12 points described above has l l edges, 
equality holds. 
The existence of the (3, 6)-graph on 13 points described above implies 
e(3, 6, 13) ~< 15. Let G be a (3, 6)-graph on 13 points. Ira point of valence 0
is preferred, //2 is a (3, 5)-graph on 12 points and hence at least has 
20 edges; if a point of valence 1 is preferred, //2 is a (3, 5)-graph on 
11 points which forces G to have at least 16 edges. Assume G has no 
points of valence 0 or 1, and assume that a point of valence 2 has been 
preferred. H2 in this case would be a (3, 5)-graph on 10 points and hence 
have 10 edges; on the other hand the sum of the valences of the points in 
H~ must be at least 4. Hence a (3, 6)-graph on 13 points with 14 edges 
would have to be disconnected, some components consisting only of 
points of valence 2 and one component containing only two points of 
valence 3 or one point of valence 4. This of course is impossible. Finally 
we note that, if G has no points of valence 0, 1, or 2, G must have at least 
17 edges. Hence e(3, 6, 13) = 15. 
We will now prove that e(3, 6, 14) 20. Again one can show that a 
(3, 6)-graph G on 14 points would have more than 20 edges if it contained 
points of valence 0 or 1 or no points of valence less than 3. Hence we 
may assume G has a point of valence 2 and no points of lower valence. 
In view of the remark at the end of our discussion of disconnected graphs, 
we conclude that G is connected. Let p be a preferred point of valence 2; 
//2 is a (3, 5)-graph on 11 points. We may conclude that G contains ome 
points with valence greater than 2 (any (3, 5)-graph on 11 points must 
contain some point with valence greater than 2). Since G is connected 
we may assume that p was chosen to be adjacent to some point of valence 
greater than 2. Hence the sum of the valences of the points in H~ is 5 or 
more while//2 has 15 or more edges giving G 20 or more edges. On the 
other hand the existence of Hn(a (3, 5)-graph on 11 points with 15 edges 
and a point of valence 2) implies, by Corollary 4, the existence of a (3, 6)- 
graph on 14 points with 20 edges (see H~4, Figure 1B). 
Next we prove e(3, 6, 15) = 25. As above we can show that, if G is 
to have 25 or less edges, G must contain no points of valence less than 2 
and must be connected. If a point p of valence 2 is preferred, H 2 is a 
(3, 5)-graph on 12 points; hence H~ has at least 20 edges. Now if Ha 
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contains no points of valence 2, G clearly has 26 or more edges. I fp '  is a 
point of valence 2 in/-/1, the point adjacent o it in Ha is of valence at 
least 4 (all points in / /2  must have valence 3 or more in //2). Hence by 
preferring p' we see that sum of the valences in / /1  is 6 or more and G 
has 26 or more points. Finally assume that G has no points of valence 2, 
and that p is a preferred point of valence 3. Since 15 is odd, G contains 
some point of valence 4 and since G is connected we may assume //1 
contains some point of valence greater than 3. Now/ /2  is a (3, 5)-graph 
on 11 points and thus has 15 or more edges whereas the sum of the 
valences of the points in H1 is 10 or more. Clearly then e(3, 6, 15) ~ 25. 
By Corollary 5, the existence of HI~ implies the existence of a (3, 6)-graph 
on 15 points with 25 edges (see//15, Figure 2B). 
We will now concern ourselves with the uniqueness of the (3, 6)-graphs 
on k points having e(3, 6, k) edges (for k = 12, 13, 14, and 15). In the 
cases k = 12 and 13 it is easy to verify the uniqueness of the graphs 
constructed in having the minimal number of edges. We will now prove 
that//14 and Hi5 are also unique in this respect. 
Consider H14. It was constructed from Hat. In fact the pentagon, 
ns ,  Hll  , and H14 form a sequence of (3, y)-graphs each one constructed 
from the previous one via the techniques used in proving Corollary 4. 
In addition, each can be proved to be unique by assuming the uniqueness 
of the previous one (recall we showed that the pentagon was unique). 
Rather than give the general inductive proof, we will prove /-/14 unique 
assuming that/-/11 is unique. It will then be clear how the complete proof 
will go. 
Recall now that we proved that a (3, 6)-graph on 14 points with 20 edges 
has a point of valence 2 adjacent o a point of valence 2 and a point of 
valence 3. With such a point preferred, Ha is a (3, 5)-graph on 11 points 
with 15 edges and hence by assumption must be Hit .  We let a denote the 
point in Hit which is adjacent to the point of valence 2 in//1 and let b and c 
denote the points in Ht~ adjacent o the point of valence 3 in / /1 .  Let K 
denote the graph spanned by the points of Hit distinct from a, b, and c. 
K is clearly a (3, 4)-graph (the two points in H a plus any independent set 
in K is independent), hence K has 8 or less points. We conclude that K 
is a (3, 4)-graph on 8 points and that a, b, and c are distinct. Checking 
HI~ we see that no matter how a, b, and c are chosen at least 5 edges of Hat 
will have one of them as end-point. This implies that K has 10 or less 
edges, i.e., K is Hs 9 Finally it is clear that/-/8 can be embedded in Hat 
in only one way up to a symmetry of Hat (Hat contains only two 4-circuits 
and H 8 must contain one of these). Hence the choice of K is forced (up to 
symmetry) and a, b, and r can then be chosen in only one way. 
Now consider Has. It was constructed from Hat via the technique of 
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Corollary 5. H12 can be constructed from Hs in the same way. Hence the 
proof that//15 is unique will indicate the proof that HlZ is unique. Recall 
that a (3, 6)-graph G on 15 points must have a point p of valence 3adjacent 
to two points of valence 3 and a point of valence 4, and, with p preferred, 
H 2 is //11. Furthermore it is clear that no point of valence 3 could be 
adjacent o a point of valence 5 (if such a point were preferred the sum of 
the valences in/-/1 would be at least 11, forcing G to have 26 edges). I f  G 
were to have a point of valence 5, we could compute that G would have 
to have at least I 1 points of valence 3, forcing a point of valence 3 to be 
adjacent o a point of valence 5. We conclude that G contains exactly 
10 points of valence 3 and five of valence 4. 
Let K be the subgraph of//11 which is spanned by the points having no 
edges to / /1 .  Then K is a (3, 3)-graph. K must contains 5 or fewer points 
a b c d e g $ a b c d e g 
CASE 1. a. b, c, f, have 
valence 2 in Ha; the rest 
have valence 3 in/-/2. 
CASE 2 a, c, e, f have 
valence 2 in//2; the rest 
have valence 3 in Ha. 
r ~ K  ~ ~ \ 
H~H, ,  
"t: 
,/, S 
P ~.,~__~. ~ H,~ 
FIGURE 2B 
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and K contains no points of valence 2 in Hx~ (such point would then have 
valence 2 in G also). The following conditions are thus imposed on the 
points of H2 which are adjacent o//1: first, there are 7 or 8 such points; 
second, the 4 points of valence 2 in H~I are among these points; third, 
the point of valence 4 in H1 is adjacent to exactly two points in/ /2 which 
have valence 4 in G (some point of valence 4 is adjacent o exactly two 
points of valence 4 and we may assume p adjacent o this point). There 
are only two ways (up to symmetries) in which these conditions can be 
satisfied (see Figure 2B). 
In the first case we may assume a = x, b = w, and f = y (all other 
possible assignments differ only by a symmetry of//11). Regardless of 
how g is chosen, there will be an independent 4 set in Ha~ not involving 
a, b, f,  or g which can then be extended by q~ and q2 to an independent 
6 set in G (unless g ----s, then a, b, q2, qa, and two 0-points will be 
independent). In the second case K has five points and hence is a pentagon 
avoiding the points of valence 2 in/-/11 9 There is only one way to choose K 
(up to a symmetry of Hll), and this choice is indicated in the diagram. 
Now s and t are already adjacent o one point of valence 4 (namely r), 
hence e cannot be x or w. By symmetry assume = v; w must then be a 
and u = b; the only choice for dis z forcing y =fand x -- c. The graph 
thus produced is the only (3, 6)-graph on 15 points with 25 edges and 
hence must be H15. 
We turn now to (3, 7)-graphs and consider e(3, 7, k) for k = 19, 20, 21, 
and 22. With the usual arguments we can show that a (3, 7)-graph on 
19 points which contains a point of valence 1 or 2 must have more than 
36 edges. Consider then (3, 7)-graphs on 19 points containing no points 
of valence less than 3. Proposition 4 gives the following inequality: 
19 9 e(3, 7, 19) >~ 47s 0 § 40sl § 36s2 § 34s3. 
We also have: 
2 9 e(3, 7, 19) ~< 6s0 q- 5sl q- 4s2 q- 3sz, 
and 
S O -~-S 1 2 7 S 2 + S 3 = 19. 
One easily sees that among all solutions of this system which give the 
value for the right side of the second inequality, the solutions in which 
So = sl = 0 will minimize the right side of the first inequality. Hence at 
least one of the solutions with minimum value for e(3, 7, 19) will have 
170 GRAVER AND YACKEL 
So = Sl = 0. Therefore to find the minimum value for e(3, 7, 19) we need 
only consider the following system: 
19 9 (3, 7, 19) ~> 36s2 + 34s3; 
2 9 e(3, 7, 19) ~< 4s2 § 3sa; 
s2 -}- sa = 19. 
This system implies e(3, 7, 19) ~> 36. It is now easy to list all solutions of 
the original system in which e(3, 7, 19) = 36. 
This standard technique nables one to solve easily any of the systems 
of inequalities arising from Proposition 4. For this reason we state simply 
that e(3, 7, 20) ~> 42, e(3, 7, 21) ~> 50, and e(3, 7, 22) ~> 59 follow 
directly from their respective systems. 
We now turn to Proposition 8 and its corollaries to compute some 
upper bounds for e(3, 7, k). The existence of H15 (a (3, 6)-graph on 
15 points with 25 edges and with two points of valence 3a distance 3apart) 
implies, by Corollary 5, the existence of a (3, 7)-graph on 19 points with 
37 edges. Hence e(3, 7, 19). In order to prove e(3, 7, 20)~< 44 and 
e(3, 7, 21)~< 51, we consider the graph G diagrammed in Figure 3B. 
If we repeatedly apply Proposition 8 first to G, Pl ,  P2, and then to G', 
P'I, P'2 (where G' is the graph resulting from the first application), then to 
G", p~, P2, and finally to G , Pl, P2, the resulting graph is a (3, 7)-graph 
on 20 points with 44 edges. Furthermore it is easy to check that in this 
graph ql and q~ have valence 3each and are a distance 4 apart. Corollary 6 
then implies the existence of a (3, 7)-graph on 21 points with 51 edges. 
FmURE 3B. G is disconnected having 
fz 
Hlz and two copies of//8 as components. 
We must now show that the actual value of e(3, 7, 20) is 44. The proof 
will be similar to the proof that e(3, 6, 17) = 40, and the techniques could 
probably be used to prove that e(3, 7, 19) = 37 and e(3, 7, 21) = 51. 
Our proof will proceed as follows: first we will show that any (3, 7)-graph 
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on 20 points with 42 edges can be extended to a (3, 7)-graph on 20 points 
with 43 edges; second we will show that no (3, 7)-graph on 20 points with 
43 edges can have//14 or/-/15 as the//2 for any point. Now assume that 
these two steps have been accomplished. Recall the proof of Proposition 4. 
We summed the inequality e ~> e(3, y -  1, n -  v -  1)-~-z(p) over all 
points of a (3, y)-graph G (where v is the valence of p, z(p) the sum of the 
valences of the points in the H1 for p, and e the number of edges in G). 
In our case e(3, 6, 14) may be replaced by 21 since we assume that we have 
proved that/ /2 for any point of valence 5 cannot be//14 , and//14 is the 
unique (3, 6)-graph on 14 with 20 edges; likewise e(3, 6, 15) is replaced 
by 26. Thus any (3, 7)-graph on 20 points with 43 edges must satisfy: 
20 9 43 ~> 51So + 46sl + 42s2 + 41s3 
2"43~<6s 0§  
so+s l+s2§  =20.  
However this system has no solutions. We conclude that there are no 
(3, 7)-graphs on 20 points with 43 edges, and because of the first step in 
our proof there are no (3, 7)-graphs on 20 points with 42 edges. 
STEJ' ONE. Let G be a (3, 7)-graph on 20 points having 42 edges. 
Then G must have a point of valence 4 (this is easy to verify). Let such a 
point be preferred. H~ has at least 25 edges so the sum of the valences of 
the points in/41 is 17 or less. Hence there are at most 13 edges between 
//1 and/ /2 ,  forcing the existence of at least one point in/-/2 which can 
be adjoined to p by an edge without forming a triangle. 
STEP TWO. Let G be a (3, 7)-graph on 20 points with 43 edges. 
Clearly G has no points of valence 2 since a (3, 6)-graph on 17 points 
requires 40 or more edges. Concerning points of valence 3 in G, we prove 
two facts. Each points of valence 3 in G is adjacent o one other point 
of valence 3, and no point of valence 3 falls on a quadrilateral in G. 
PROOF: If a point p of valence 3 is preferred, 112 is a (3, 6)-graph on 
16 points with 32 or more edges. Hence the sum of the valences of the 
points in H 1 is 11 or less, implying that/ /1 contains at least one point of 
valence 3 and that there are 8 or less edges between HI and/ /2 .  On the 
other hand, the 0-points in/ /2 span a (3, 4)-graph and hence are limited 
to 8 in number. We conclude that 112 contains exactly eight 0-points and 
eight 1-points. Since there are no 2-points or 3-points, there can be no 
quadrilaterals containing p. 
Now let p be a preferred point of valence 4 for which Hz is/-/15. Since 
H15 contains no points of valence 2, each point in/ /1 is adjacent only to 
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points of valence 4or more. This implies that there a no points of valence 3 
in HI 9 Another result of the fact that H~s contains no points of valence 2 
is that there can be no 4-points in H 2 . We will now prove that there can 
be no 3-points in//2 9 
PROOF: Suppose H~ contains a 3-point p'. Clearly p' has valence 6 in G. 
When p' is preferred, p is a 3-point in H i . Since p is of valence 4 in G it 
must have valence I in H i .  Hence H i is a (3, 6)-graph on 13 points 
containing a point of valence 1. Let q denote the one point adjacent o p 
but not p', and let x represent the valence of q in H i . We assert that 
H~ contains at least 15 § x edges (ifa point of valence 1 is preferred in a 
(3, 6)-graph on 13 points, the "H2" for that point is a (3, 5)-graph on 
I1 points and hence has 15 or more edges; the 13 point graph will then 
have at least 15 + x edges where x is the valence of the point adjacent o 
the preferred point). Now the point p is a 3-point in H~ and q is at least 
a (4x)-point. Of the remaining 11 points none can be 0-points and at 
most 6 can be 1-points. Hence there are at least 
3 +(4- -x )  §  §  =23- -x  
edges between HI and H i , and the sum of the valences of the points in HI 
is then at least 29 -- x, forcing G to have at least (15 + x) -k (29 -- x) = 44 
edges. We conclude that there are no 3-points in/ /2.  
Now let us list the possible combination of 0-points, 1-points, and 
2-points in H 2 . First recall that / /2  = Has has 25 edges, which implies 
that there are 14 edges between H 1 and H 2 . We have, counting points, 
ro(0) § r0(1) § r0(2) = 15, and counting edges, rl(0) § 2r2(0) = 14. We 
also note that there can be at most three 1-points above a single point 
in H1 implying rl(0)~< 12, and that the 0-points form a (3, 3)-graph 
implying ro(0)~< 5. The values satisfying these requirements are listed 
below. 
Case rl(0) rl(0) r2(0) 
1 2 12 1 
2 3 10 2 
3 4 8 3 
4 5 6 4 
Let K be the (3, 3)-graph of 0-points. We note that K must be contained 
in the pentagon of points of valence 4 in H15 (if K contained a point q of 
valence 3 in H15, q would be a point of valence 3 in G; furthermore a 
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look at H15 would show that q would also have to fall on a quadrilateral-- 
this, as we have proved, is impossible). 
We make one final remark before we consider the individual cases. 
If any point of/-/1 supports three 1-points then each 0-point must be 
adjacent to one of these 1-points otherwise that 0-point, the three 1-points, 
and the three other points in/ /1 are all independent. For similar reasons 
an independent two set in K must have edges to two distinct 1-points 
among three 1-points supported by a single point of/-/1 and at least one 
edge to some 1-point among two 1-points supported by a single point 
o f / /1 .  
CASE 1. Each point o f / /1  supports three 1-points. Hence each point 
of K must have an edge to four 1-points and these must all be distinct. 
Upon examination of//15, we clearly see this is impossible. 
CASE 4. Since ro(0 ) = 5, K is the pentagon in //15 formed by the 
points of valence 4. Since r~(0) = 6, some point o f / / i  supports at least 
two 1-points. By referring to Hx~ we see that, no matter how these two 
points are chosen, an independent two set in K can be chosen with no 
edges to these points. 
CASE 3. Consider //15 (Figure 4B); there is only one choice for K 
(up to symmetry), hence we assume {k, l, m, n} to be the points in K. 
Note that any three points on the "rim" can be adjacent o at most 
3 points in K. Hence the only possible choice for three 1-points above 
the same point in /-/1 would be {0, a, c}, {0, a,f}, {0, d,f}. But then 
{k, n, a, c} or {k, n, a,f} or {k, n, d,f} could be extended by the remaining 
three points in//1 to an independent seven set in G. We conclude then that 
each point of/ /1 supports two 1-points (recall rx(0 ) = 8). 
Denote the points //1 by x, y, z, and w. We may assume that o is a 
1-point above x. I f j  or g were a 1-point above y (or z or w), no matter 
how the other 1-point above y (or z or w) were chosen we could find 
an independent two set in K with no edges to either of these I-points. 
We conclude that j and g are 2-points above y, z, and w (an edge from 
j or g to x would produce a triangle). If both of these 2-points were above 
say y and z, these two 2-points, the two 1-points above y, x, and w, 
and some one point in K would be independent. We may assume j to be 
above y and z and g to be above y and w. Now it is easy to check that 
either h is a 1-point above z or i is a 1-point above w. Assume that h is 
a 1-point above z. Then h, j, x, w, the two 1-points above y, and some 
point of K form an independent seven set. Case 3 clearly cannot occur. 
CASE 2. In order to satisfy the condition listed in the remark preceding 
Case 1, we must assume that two points o f / /1  (say x and y) support 
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three 1-points while z and w support two 1-points each. Now suppose 
k, l, and m are the points in K. We clearly must have a as a l-point above 
x and d as 1-point above y (or vice versa). Also b, i, and o must be 1-points 
above x, y, and z in some order and similarly c, f, and n must be 1-points 
above x, y, and w (in some order). Then any 2-point above x and y along 
with a, d, k, m, z, and w would be an independent seven set. Any 2-point 
above x and w with the two 1-points above x and w among {c,f, n} and 
a and k together with y and z are independent. I f b is not above z, then 
a, i, o, m, y, w and any 2-point above x and z would be independent; if b 
is above z and c is not above x, any 2-point above x and z, b, l, y, w, and 
the two 1-points above x different from a, are independent; if b is above 
z and c is above x, any 2-point above x and z, a, c, k, y, w, and the 1-point 
above z different from b, form an independent set. By the symmetry 
between x and y, we conclude that no 2-points have an edge to either 
x or y. Hence both 2-points are above z and w, but then x, y, l, and the 
four points with edges to z are independent. 
By a similar argument we could exclude the possibility of choosing the 
points of  K to be k, l, and n. This completes the first part of step 2. We 
have shown that no (3, 7)-graph on 20 points with 43 edges can have a 
point of valence 4 for which H 2 = HI~. As we have indicated before 
we could now use 26 instead of e(3, 6, 15) in the inequality from 
Proposition 4. Upon this we discover that there are just two possible 
solutions: So = 0, sl = 7, s2 = 12, s3 = 1; and so = s3 = 0, sl = 6, 
s2 = 14. The first solution is impossible since a point of valence 3 must 
be adjacent o a point of valence 3. 
Now consider the last solution. We know that in this graph the points 
of valence 4 can be adjacent to at most one point of valence 5, while 
each point of  valence 5 must have at least two points of valence 4 adjacent 
to it (the sum of the valences of the points in/ /1 for a point of valence 4 
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must now be 17 or less while the corresponding sum for a point of valence 5
cannot exceed 23). We conclude that there are 12 to 14 edges between 
points of valence 5 and points of valence 4. This forces 8 or 9 edges 
between points of valence 5; hence the points of valence 5 span a complete 
bipartite graph on 6 points or such a graph minus one edge (see Figure 5B). 
z u v Z u v 
d rn p d P 
k j u h 9 ~ e 
FIGURE 5B 
Let p be a point of valence 5 which is adjacent o three points of 
valence 5. If p is preferred then//2 = H14 and one of the two points of 
valence 5 in/ /2 will be a 3-point. The other will be either a 3-point or a 
2-point. Since there is no 1-point which has valence 5 in G, points a and b 
in H14 must be 0-points. Let x and y denote the points of valence 4 in 
H a and z, u, v, the points of valence 5. We assume that d is a 3-point above 
z, u, and v. It follows that c and e can only have edges to x and/or y. 
If we are in the first situation (two 3-points) we may assume m to be the 
second 3-point (also above z, u, and v). Then {/, n, c, e, z, u, v} is an 
independent set. In the second case (one 3-point and one 2-point), there 
must be 14 edges between the points of valence 4 and the points of 
valence 5, but no matter how the 2-point is chosen either a or b will be a 
point of valence 4 adjacent only to points of valence 4. This is impossible 
and step 2 has been completed. 
Since the remaining numerical computations in Section 3 are straight- 
forward, we will include no further details. 
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